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ABSTRACT
An a n c i p i t a l  fo rm  i s  a b i n a r y  q u a d r a t i c  fo rm  [ a , b , c ]
f o r  which  b = a o r  b = 0 . The s e t  o f  l e a d i n g  c o e f f i c i e n t s
o f  t h e  p r i m i t i v e  a n c i p i t a l  fo rm s  o f  d i s c r i m i n a n t  d i s  c a l l e d  
t h e  s e t  o f  d i s c r i m i n a n t a l  d i v i s o r s  o f  d .  The p r i n c i p a l  
fo rm  o f  d i s c r i m i n a n t  d i s  t h e  fo rm  f ^  = [ l , e , ( e 2 -  d ) / 4 ] , 
where e = 0 o r  1 a c c o r d i n g  a s  d i s  even o r  odd .  The 
f o l l o w i n g  q u e s t i o n  i s  a s k e d :  g i v e n  a d i s c r i m i n a n t  d ,  which
d i s c r i m i n a n t a l  d i v i s o r s  o f  d a r e  r e p r e s e n t e d  by  f ^ ?
I n  C h a p te r  I ,  t h e  q u e s t i o n  i s  d i s c u s s e d  i n  d e t a i l  i n
t h e  c a s e s  d = 5p and d = 20p, where p i s  an odd p r im e .
C e r t a i n  a l g e b r a i c  i n v a r i a n t s  d i s c o v e r e d  by  C a n to r  a r e  u s e d  t o  
o b t a i n  n e c e s s a r y  c o n d i t i o n s  t h a t  f ^  r e p r e s e n t  t h e  
a p p r o p r i a t e  d i s c r i m i n a n t a l  d i v i s o r s  ( - 1 , 5, and - 5 ) .  The 
a r i t h m e t i c  t h e o r y  o f  g e n e r a l i z e d  q u a t e r n i o n s  i s  u s e d  
t o  f o r m u l a t e  a th e o re m  which  g i v e s  s u f f i c i e n t  c o n d i t i o n s  
t h a t  f ^  r e p r e s e n t  - 1 ,  5* o r  - 5 .
In  C h a p te r  I I ,  t h e  C a n to r  i n v a r i a n t s  a r e  u s e d  t o  
g e n e r a l i z e  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  r e p r e s e n t i n g  d i s ­
c r i m i n a n t a l  d i v i s o r s ,  o b t a i n e d  i n  C h a p te r  I ,  t o  d i s c r i m i n a n t s  
o f  t h e  form  pq  o r  4p q .  The c a s e s  d = 13p and d = 52p a r e  
s t u d i e d  in  d e t a i l ,  a g a in  w i t h  t h e  u s e  o f  g e n e r a l i z e d  
q u a t e r n i o n s .  I n  t h e  p r o c e s s ,  we o b t a i n  a co m p le te  p a r a m e t r i c
s o l u t i o n  o f  t h e  f o l l o w i n g  sys tem  o f  D io p h a n t i n e  e q u a t i o n s :
2 2 2 2 2 2 p = x x + x 2 = -X3 + qx^ = x 5 + qx6
H ere ,  p and q a r e  p r im e s  such  t h a t  p i s  r e p r e s e n t a b l e
2 ? 2 2by x-  ^+ Xg and x^  + qxg.
C h a p te r s  I I I  and IV a r e  d e v o te d  t o  t h e  s t u d y  o f  t h e
c a s e s  d = p q  and 4pq* f o r  q = 17* 29* 53* and 6 l ;  we ob ta in ,
p a r t i a l  r e s u l t s  i n  t h e s e  c a s e s .
v
CHAPTER I
An i n t e g r a l  b i n a r y  q u a d r a t i c  fo rm  ( h e r e i n a f t e r  c a l l e d
a f o r m ) i s  a homogeneous q u a d r a t i c  p o ly n o m i a l  in. two 
2 2v a r i a b l e s ,  ax + bxy + cy  = [ a , b , c ] ,  i n  which  a , b ,  and c 
a r e  o r d i n a r y  i n t e g e r s . A c l a s s  o f  fo rm s i s  a s e t  o f  fo rm s  
w h ich  a r e  t r a n s f o r m a b l e  i n t o  one a n o t h e r  by  l i n e a r  
t r a n s f o r m a t i o n s  w i th  i n t e g r a l  c o e f f i c i e n t s  and d e t e r m i n a n t  
1 ; su c h  t r a n s f o r m a t i o n s  a r e  c a l l e d  u r i im o d u la r . W r i t e  f  ~  g 
( f  i s  e q u i v a l e n t  t o  g) t o  mean t h a t  t h e  fo rm s  f  and g 
a r e  i n  t h e  same c l a s s .  The d i s c r i m i n a n t  o f  t h e  fo rm  [ a , b , c ]
O
i s  t h e  i n t e g e r  d = b - 4 a c ;  t h e  d e t e r m i n a n t  o f  t h e  fo rm  
[ a , b , c ]  i s  t h e  number ac -  b / 4  = - d / 4  (which may o r  may 
n o t  be  an i n t e g e r ) .  An ambiguous form  i s  a fo rm  [ a , b , c ]  i n  
w h ich  a d i v i d e s  b ;  an ambiguous c l a s s  i s  a c l a s s  o f  fo rm s  
c o n t a i n i n g  an ambiguous fo rm .  The form [ a , b , c ]  i s  p r i m i t i v e  
i f  ( a , b , c ) ,  t h e  g . c . d .  o f  c o e f f i c i e n t s ,  i s  1 ; a p r i m i t i v e  
c l a s s  i s  a c l a s s  o f  fo rm s  c o n s i s t i n g  of  p r i m i t i v e  f o r m s .  We 
w i l l  w r i t e  c l a s s  and fo rm  h e r e a f t e r  t o  mean p r i m i t i v e  c l a s s  
and  fo rm ,  u n l e s s  o t h e r w i s e  s p e c i f i e d .  An a n c i p i t a l  fo rm  i s  
a  fo rm  [ a , b , c ]  i n  which  b = 0 o r  b = a .  To f i n d  t h e  
a n c i p i t a l  fo rm s  o f  a g iv e n  d i s c r i m i n a n t  d we m ust  f i n d  a l l  
p a i r s  o f  cop r im e  i n t e g e r s  a , c  s a t i s f y i n g  4 ac = - d  o r  
a ( 4 c - a )  = - d .  The a n c i p i t a l  fo rm s f a l l  i n t o  e q u i v a l e n t
1
2p a i r s  o f  a s s o c i a t e s
[ a , 0 j c ]  and [ c , 0 , a ] ,  [ a , a , c ]  and [ 4 c -  a , 4 c -  a , c ] .
(To s e e  t h a t  [ a , a , c ]  ~  [ 4 c -  a , 4 c -  a , c ] , a p p l y  t o  t h e  f i r s t  
fo rm  t h e  u n im o d u la r  t r a n s f o r m a t i o n  x = - x '  - y ' , y  = 2x '  + y 7)* 
I f  d i s  a p o s i t i v e ,  n o n - s q u a r e  d i s c r i m i n a n t ,  t h e n  t h e
f i r s t  c o e f f i c i e n t s  o f  two a s s o c i a t e s  have  o p p o s i t e  s i g n s ,
2 2and t h e  s m a l l e r  o f  t h e  two s a t i s f i e s  (2a)  < d ,  o r  a < d,
i n  t h e  r e s p e c t i v e  c a s e s ,  w h i l e  t h e  l a r g e r  s a t i s f i e s  
( 2 a ) 2 > d,  o r  a 2 > d .
F o r  any  n o n - z e r o  d i s c r i m i n a n t  d, t h e  s e t  o f  f i r s t  
c o e f f i c i e n t s  o f  ( p r i m i t i v e )  a n c i p i t a l  fo rm s  [ a , 0 , c ]  which  
s a t i s f y  ( 2a ) 2 < d w i l l  be  d e n o te d  by  S-^(d);  t h o s e
o
c o e f f i c i e n t s  o f  t h e  fo rm s  [ a , a , c ]  s a t i s f y i n g  a < d w i l l  
be d e n o t e d  b y  S g ( d ) . We w i l l  c a l l  t h o s e  e l e m e n t s  o f  e i t h e r  
S1 (d)  o r  S2 (d) d i s c r i m i n a n t a l  d i v i s o r s  o f  d o f  t y p e  1 
o r  t y p e  2 , r e s p e c t i v e l y .
From t h e  G au s s ia n  t h e o r y  o f  r e d u c t i o n  o f  f o rm s ,  t h e  
f o l l o w i n g  can be  deduced  (we w i l l  p o s tp o n e  t h e  p r o o f  f o r  t h e  
t im e  b e i n g ) :
PROPOSITION 1 . .2. E v e ry  p r i m i t i v e  ambiguous c l a s s  o f  p o s i t i v e  
n o n - s q u a r e  d i s c r i m i n a n t  c o n t a i n s  e x a c t l y  two a n c i p i t a l  fo rm s 
w i t h  p o s i t i v e  f i r s t  c o e f f i c i e n t ,  and h en c e  e x a c t l y  two p a i r s  
o f  a s s o c i a t e  a n c i p i t a l  fo rm s i n  a l l .
I n  v iew  o f  t h i s  r e s u l t ,  i t  i s  n a t u r a l  t o  a s k  t h e
3f o l l o w i n g  q u e s t i o n s :  g iv e n  an ambiguous c l a s s  o f  a p o s i t i v e
n o n - s q u a r e  d i s c r i m i n a n t  d ,  w hich  two d i s c r i m i n a n t a l  d i v i s o r s
( t h a t  i s ,  e l e m e n t s  o f  S^ (d )  and  S2 (d ) )  a r e  r e p r e s e n t e d
( p r i m i t i v e l y )  by  t h a t  c l a s s ?  Which, b e s i d e s  1 , i s
r e p r e s e n t e d  b y  t h e  p r i n c i p a l  c l a s s  ( i . e . ,  t h e  c l a s s
c o n t a i n i n g  t h e  p r i n c i p a l  fo rm , [ 1 , 6 ,  (6 -  d ) / 4 ] ,  where
e = 0  o r  1 a c c o r d i n g  a s  d s  0 o r  l(mod 4 ) ) ?  A s p e c i a l
c a s e  o f  t h i s  was c o n s i d e r e d  by D i r i c h l e t ,  who s t u d i e d  t h e  
2 2e q u a t i o n  X -  AY = - 1 . He a s s e r t e d  t h a t  t h e  p ro b le m  o f  
c h a r a c t e r i z i n g  a l l  v a l u e s  o f  A f o r  which t h e  e q u a t i o n  i s  
s o l v a b l e  i n  i n t e g e r s  X and Y i s  q u i t e  d i f f i c u l t  [4 , p .  223 ] .
The p u r p o s e  o f  t h i s  p a p e r  i s  t o  s tu d y  t h e  above 
q u e s t i o n s  f o r  d i s c r i m i n a n t s  d = p q  and d = 4p q ,  where  p 
and q a r e  odd p r i m e s ;  t h e  r e s u l t s  o b t a i n e d  a r e  s i m i l a r  t o  
r e s u l t s  o b t a i n e d  b y  P a l l  f o r  d i s c r i m i n a n t s  d = 2p and d = 8p, 
p an odd p r im e ,  i n  [ 7 ] .  We o b t a i n  n e c e s s a r y  c o n d i t i o n s  
t h a t  t h e  p r i n c i p a l  c l a s s  o f  such  d i s c r i m i n a n t s  r e p r e s e n t  a 
g iv e n  d i s c r i m i n a n t a l  d i v i s o r .  Then we use  r e s u l t s  f rom  t h e  
t h e o r y  o f  g e n e r a l i z e d  q u a t e r n i o n s  ( s e e  [ 8 ] )  t o  o b t a i n  
c o m p le te  p a r a m e t r i c  s o l u t i o n s  o f  sy s tem s  o f  d i o p h a n t i n e  
e q u a t i o n s  su ch  a s
.2 .2 2 . .2 .2 2 p = + x 2 = -x ^  + qx^ = x,- + qxg
( w i t h  a p p r o p r i a t e  r e s t r i c t i o n s  on p , q , x ^ , . . . , X g ) . F i n a l l y ,  
we u s e  t h e s e  s o l u t i o n s  i n  c o n j u n c t i o n  w i th  t h e  a f o r e m e n t i o n e d
4n e c e s s a r y  c o n d i t i o n s  t o  p ro v e  r e p r e s e n t a t i o n ,  th e o re m s  l i k e  
t h e  f o l l o w i n g :
THEOREM 1 . 1 0 . L e t  (p |  5) = 1 , p = l(mod 4 ) ,  and f  1 = [ 1 , 0 , -5p] . 
T hen :
2 2(a) I f  p = x,_ + w i t h  x,- even ,  t h e n  f ^  n e v e r
r e p r e s e n t s  - 1 ;  i t  r e p r e s e n t s  5 o r  - 5 ,  a c c o r d in g  a s  (p |  5 )^  = 1
o r  - 1 .
P P(b) I f  p. = a + 25b , w i t h  a even ,  t h e n  f ^  n e v e r
r e p r e s e n t s  - 5 ;  i t  r e p r e s e n t s  5 o r  - 1 ,  a c c o r d i n g  a s  (p |  5 )^  = 1
o r  - 1 .
(c) I f  ( p | 5 )^  = - 1 , t h e n  f 1 n e v e r  r e p r e s e n t s  5 ; i t
2 2r e p r e s e n t s  - 1  o r  - 5 ,  a c c o r d in g  a s  p = x^  + 5xg w i t h  x,- odd,  
2 2o r  p = x,- + 5xg w i t h  x,_ e v e n .
(d) I f  (p |  5 ) ^  = 1 , t h e n  f ^  r e p r e s e n t s  5 i f  p = x ^  + 5xg
w i th  x,- e v e n ;  o t h e r w i s e ,  any o f  t h e  p o s s i b i l i t i e s  ( t h a t
f-^ r e p r e s e n t s  - 1 , 5 j - 5) can o c c u r .
At t h i s  p o i n t ,  s e v e r a l  comments a r e  i n  o r d e r .  From 
r e a d i n g  t h e  s t a t e m e n t  o f  t h e  p r e c e d i n g  th e o re m ,  one i n f e r s  
t h a t  S1 ( 20p)  = {1 , - 1 , 5 , - 5 } ; t h i s  i s  t r u e ,  and we s h a l l  
p rove  t h a t ,  i f  p s  q(mod 4 ) and  p > q, t h e n  S2 (pq) =S-L(4 pq)
= { l , - l , q , - q } .  T h ro u g h o u t  t h i s  d i s c u s s i o n ,  t h e  l e t t e r s  p 
and q w i l l  . .denote odd p r i m e s ,  t h e  l e t t e r  d w i l l  d e n o t e  a 
d i s c r i m i n a n t ,  and  t h e  l e t t e r s  f , g  and h w i l l  d e n o t e  f o r m s .  
We s h a l l  assum e knowledge o f  t h e  d e f i n i t i o n s ,  th e o re m s  and 
n o t a t i o n s  o f  e l e m e n t a r y  number t h e o r y  ( s e e  [ 6 ] )  and o f
5e l e m e n t a r y  t h e o r y  o f  q u a d r a t i c  fo rm s ( s ee  [1 ]  o r  [ 9 ] ) *  
F u r t h e r ,  t h e  symbol ( p | q ) ^  i s  d e f i n e d ,  when ( p | q )  = 1 , by
4 / v1, i f  p s  x (mod q) h a s  a s o l u t i o n ;
( p k ) 4 -
- 1 ,  i f  p s  x (mod q) h a s  no s o l u t i o n .
LEMMA 1 . 1 . E v e ry  ambiguous fo rm  f  o f  p o s i t i v e  n o n - s q u a r e  
d i s c r i m i n a n t  d i s  e q u i v a l e n t ,  by  a t r a n s l a t i o n  (x = x 7 + h y 7, 
y  = y ' )  t o  an u n iq u e  a n c i p i t a l  form g .  M oreover ,  i f  f  i s  
p r i m i t i v e ,  so i s  g .
PROOF. Suppose  f  = [ a , k a , z ]  i s  an ambiguous fo rm  f o r
w h ich  d = a ( k  a -  4 z)  i s  p o s i t i v e  and n o t  a s q u a r e .  L e t
n. = [ k / 2 ] ;  a p p l y i n g  t h e  t r a n s l a t i o n  (x = x 7 - n y 7, y  = y 7)
2 ~y i e l d s  t h e  fo rm  g = [ a ,  (k -  2n ) a ,  an - k a n  + z ] .  I f  e = 0 o r
1,  a c c o r d i n g  a s  k i s  even o r  odd, t h e n  k = 2n + e \ and
g = [ a , e a , a n  -  aen + z] i s  an a n c i p i t a l  fo rm  o f  t y p e  1 o r
2 , a c c o r d i n g  a s  e = 0 o r  1 . Now g i s  u n iq u e ,  s i n c e  any
t r a n s l a t i o n  a p p l i e d  t o  f  y i e l d s  a fo rm  w i th  m id d le  
c o e f f i c i e n t  (k  + 2m)a: l e t t i n g  m = - n  + s ,  we see  t h a t
(k  + 2m)a = (k -  2n + 2 s ) a  = (e + 2 s ) a  = 0 o r  a i f  and o n l y  i f  
s = 0 . F i n a l l y ,  s i n c e  f  ~  g ,  f  p r i m i t i v e  i m p l i e s  g 
p r i m i t i v e ,  b e c a u s e  t h e  g . c . d .  o f  a fo rm  i s  i n v a r i a n t  u n d e r  
u n im o d u l a r  t r a n s f o r m a t i o n  .
Q.E .D .
PROPOSITION 1 . 2 . E v e ry  p r i m i t i v e  ambiguous c l a s s  o f  
p o s i t i v e  n o n - s q u a r e  d i s c r i m i n a n t  c o n t a i n s  e x a c t l y  two
6a n c i p i t a l  fo rm s  w i t h  p o s i t i v e  f i r s t  c o e f f i c i e n t ,  and hence  
e x a c t l y  two p a i r s  o f  a s s o c i a t e  a n c i p i t a l  forms i n  a l l .
PROOF. T h i s  f o l l o w s  f rom  G a u s s ' s  theo rem  t h a t  t h e  c h a in  o f  
r e d u c e d  fo rm s  o f  a p r i m i t i v e  ambiguous c l a s s  w i th  a p o s i t i v e  
n o n - s q u a r e  d i s c r i m i n a n t  c o n t a i n s  e x a c t l y  two ambiguous f o r m s .  
By Lemma 1 .1 , e a c h  o f  t h e s e  i s  t r a n s l a t a b l e  i n t o  an. u n iq u e  
a n c i p i t a l  fo rm ;  m o re o v e r ,  t h e  two r e s u l t i n g  a n c i p i t a l  fo rm s  
a r e  n o t  a s s o c i a t e s .  To see  t h i s ,  o b s e rv e  t h a t  e x a c t l y  one 
o f  a p a i r  o f  a s s o c i a t e  a n c i p i t a l  forms i s  t r a n s l a t a b l e  t o  a 
r e d u c e d  ambiguous  fo rm .  In  t h e  c a s e  o f  forms o f  t y p e  1 ,. t h i s
i s  p r o v e d  b y  a s su m in g ,  f o r  i n s t a n c e ,  t h a t  f o r  a > 0 ,  c > 0,
o
t h e r e  e x i s t  i n t e g e r s  k , k 7 > 0 f o r  which b o th  [ a , 2 k a , a k  -  c]
p
and [ - c , 2 k ' c , - c k '  + a ]  a r e  r e d u c e d  ( t h e s e  a r e  t r a n s l a t e s
o f  [ a , 0 , - c ]  and [ - c , 0 , a ]  r e s p e c t i v e l y ) .  S in ce  t h e s e  fo rm s
2 2 a r e  r e d u c e d ,  we m ust  have  ak  -  c < 0 and - c k '  + a > O;
2 2 2 2t h i s  i m p l i e s  t h a t  c > ak  , a >' c k '  , and hence  c > ck  k '  ,
p p
o r  1 > k  k '  ; s i n c e  k , k '  > 0 ,  t h i s  i s  a c o n t r a d i c t i o n .  
A na logous  r e s u l t s  h o l d  f o r  fo rm s  o f  t y p e  2 . Hence, i n  t h e  
g iv e n  am biguous  c l a s s ,  t h e r e  a r e  two n o n - a s s o c i a t e  a n c i p i t a l  
fo rm s  and t h e i r  a s s o c i a t e s ,  m ak ing  f o u r  in  a l l .  Two o f  t h e s e  
have  p o s i t i v e  f i r s t  c o e f f i c i e n t s  and two have n e g a t i v e  f i r s t  
c o e f f i c i e n t s ;  t h e y  a r e  a l l  p r i m i t i v e ,  s i n c e  t h e  c l a s s  i s  
p r i m i t i v e .
Q . E . D .
A n o th e r  r e s u l t  f rom  Gauss i s  t h a t  t h e  number o f
7p r i m i t i v e  am biguous  c l a s s e s  o f  a n o n - z e r o  d i s c r i m i n a n t  d 
i s  eq u a l  t o  t h e  number o f  p r i m i t i v e  g e n e ra  o f  d .  We t h e n  
d educe ,  f ro m  P r o p o s i t i o n  1 . 2 , t h a t  t h e  t o t a l  number o f  p a i r s  
o f  p r i m i t i v e  a n c i p i t a l  fo rm s o f  a p o s i t i v e  n o n - s q u a r e  
d i s c r i m i n a n t  d i s  e q u a l  t o  tw i c e  t h e  number o f  p r i m i t i v e  
g e n e ra  o f  d ,  and i s  e q u a l  t o  t h e  c a r d i n a l i t y  o f  S q ( d )  U S2 ( d ) ,
L e t  p s  q(mod 4 ) ,  p ^  q .  F o r  d = pq o r  d = 4p q ,  
t h e r e  a r e  t h e  g e n e r i c  c h a r a c t e r s  ( f | p )  and ( f | q ) ; b y  t h e  
G au ss ian  t h e o r y  o f  f o rm s ,  t h e i r  p r o d u c t  i s  1, so t h e r e  a r e  
two g e n e r a ,  and f o u r  p a i r s  o f  a s s o c i a t e  a n c i p i t a l  f o rm s ,  
which  we e n u m e ra te  h e r e  ( f q  and g q  a r e  a s s o c i a t e s ) :
F o r  d = pq :
fq  = [ 1 , 1 , ( 1  -  p q ) / 4 ] ,  gq = ' [ - p q , - p q ,  ( l - p q ) / 4 ] ;  
f 2 = [ - 1 , - 1 , ( p q - l ) / 4 ] ,  g 2 = [ p q ,p q ,  ( p q - l ) / 4 ] ;
( 1 . 2 . 1 ) 
*3 = [q.q.  ( q - P ) A l .  §3 = [ - P . - P .  ( q - p ) A l  ’> 
f 4 = [ - q . - q .  ( p - q ) A l .  % = [p.p.  ( p - q ) A l .
F o r  d = 4 pq:
f q  = [ 1 , 0 , - p q ] ,  gq = [ - p q , 0 , l ] ;
f 2 = [ - 1 . 0 . P q l .  g 2 = [ p q . 0 , - 1 ] ;
( 1 . 2 . 2)
f 3 = [ q . 0 , - p ] ,  g3 = [ - p . 0 , q ] j  
= [ - q . 0 , p ] ,  g^ = [ p , 0 , - q ] .
I t  i s  c l e a r  t h a t ,  i f  p < q ,  t h e n  S2 (pq) = Sq (4pq)  =
8{1 , - 1 , p , - p ) ,  and i f  p > q, t h e n  S2 (pq) = S1 (4 pq) = [1 , - 1 , q , - q ) . 
I t  i s  a l s o  e v i d e n t  t h a t  i n  e i t h e r  c a s e ,  r e p r e s e n t s  p
i m p l i e s  r e p r e s e n t s  - q ,  and i f  r e p r e s e n t s  - p ,  t h e n
i t  a l s o  r e p r e s e n t s  q .  S in ce  o u r  s t r a t e g y  i s  t o  f i x  a p r im e  
q ,  and examine t h e  fo rm s and g^ f o r  v a r y i n g  p ,  we
l o s e  no g e n e r a l i t y  in  c h a n g in g  o u r  main q u e s t i o n  t o :  which
two e l e m e n t s  o f  T (pq)  = T(4 pq) = {1 , - 1 , q , - q }  do ea ch  o f  t h e  
fo rm s  f-j^  r e p r e s e n t ?  We r e m a rk  h e r e  t h a t  a l l  r e p r e s e n t a ­
t i o n s  o f  p r im e s  and o f  ± 1 m ust  be p r i m i t i v e ,  so t h a t  we 
w i l l  w r i t e  " r e p r e s e n t a t i o n "  t o  mean " p r i m i t i v e  r e p r e s e n t a t i o n "  
( u n l e s s  o t h e r w i s e  s p e c i f i e d ) „ The f o l l o w i n g  p r o p o s i t i o n  
w i l l  e n a b l e  u s  t o  work w i t h  d = 4 p q ,  and a t  t h e  same t i m e ,  
o b t a i n  r e p r e s e n t a b i l i t y  d a t a  on d = p q .
PROPOSITION 1 . 3 * L e t  p and q be  a s  a b o v e .  The form  
[ 1 , 0 , - p q ]  r e p r e s e n t s  one o f  - l , q , - q  i f  and o n l y  i f  t h e  
same one i s  r e p r e s e n t e d  by  [ 1 , 1 , ( l - p q ) / 4 ] .
PROOF. I f  t h e r e  e x i s t  i n t e g e r s  x , y  such  t h a t  
2 2x -  pqy  = - l , q ,  o r  - q ,  t h e n  by  l e t t i n g  u  = x - y ,  v = 2y, we
hav e  u 2 + uv + (1 -p q )  v2/ 4  = x 2 -  2xy + y 2 + 2xy -  2y2 +^-(4 y 2 ) -  
2 2 2p q y  = x - p q y  = ( t h e  same) - l , q ,  o r  - q .  C o n v e r s e ly ,  i f  
[ 1 , 1 , ( l - p q ) / 4 ] r e p r e s e n t s  k ,  and [ 1 , 0 , - p q ]  r e p r e s e n t s  n ,  
where  k , n  e { - l , q , - q 3 ,  t h e n  [ 1 , 1 , ( l - p q ) / 4 ] r e p r e s e n t s n  , 
b y  t h e  above a rg u m e n t .  S in c e  [ 1 , 1 , ( l - p q ) / 4 ] r e p r e s e n t s  
e x a c t l y  one o f  - l , q , - q ,  we deduce  t h a t  k  = n .
Q .E .D .
9As m e n t io n e d  above ,  we s h a l l  d e r i v e  n e c e s s a r y  
c o n d i t i o n s  t h a t  f ^ =  [ 1 , 0 , - p q ]  r e p r e s e n t s  - l , q ,  o r  - q ;  
o b v i o u s l y  n e c e s s a r y  i s  t h a t  t h e  fo rm s  f ^  = [ - l j O j p q l f ^  = [q*0,-p], 
o r  f ^  = [ - q , 0 , p ]  be  i n  t h e  genus  o f  f 1 i f  f-^ i s  t o  
r e p r e s e n t  - l , q ,  o r  - q  r e s p e c t i v e l y .  T h i s  i s  p u t  t o  u se  i n  
t h e  f o l l o w i n g  p r o p o s i t i o n ,  w h ich ,  by  v i r t u e  o f  P r o p o s i t i o n  
1 .3* i s  t r u e  a l s o  f o r  d = pq :
PROPOSITION 1 .4 . L e t  p = q = 3 (mod 4 ) .  Then f-L=[L,0 , - p q ]  
n e v e r  r e p r e s e n t s  - 1 ;  i t  r e p r e s e n t s  q i f  ( q |p )  = 1* and 
- q  i f  ( q | p )  = - 1 .
PROOF. T h e re  a r e  two g e n e r a  f o r  d = 4p q ,  and t h e  forms 
f ^ ,  f  2 , f^* a r e  d i s t r i b u t e d  be tw een  t h e s e  g e n e r a  a c c o r d i n g  
t o  t h e  f o l l o w i n g  t a b l e  o f  g e n e r i c  c h a r a c t e r s :
( f | p ) ( f | q )
f l 1 1
f 2 - 1 -1
f 3 (q|p) (q|p)
f 4 - ( q | p ) - ( q | p )
From t h i s  t a b l e ,  t h e  c o n c l u s i o n  f o l l o w s .
Q.E.D.
Now l e t  d = '4p q ,  where  p = q = l (m od  4 ) .  By 
examing t h e  t a b l e  o f  g e n e r i c  c h a r a c t e r s  f o r  t h e  a n c i p i t a l
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form s g i v e n  b e lo w ,  we deduce  t h a t  f ^  r e p r e s e n t s  - 1  i f
(pU)  = (q|p)  = - 1 :
( f | p )  ( f k )
f x 1 1
f 2 1 1
f 3 (q|p)  (q|p)
f 4 (qlp) (q|p)
To d i s c o v e r  more i n f o r m a t i o n  when ( q |p )  = 1 , we s t a r t
w i th  a s p e c i f i c  c a s e ,  nam ely  q = 5 .  Then t h e  p e r t i n e n t  
d i v i s o r s  a r e  T ( 5p) = T ( 20p)  = [1 , - 1 , 5 , - 5 } .  We now d i g r e s s  
t o  d e v e lo p  a p i e c e  o f  a l g e b r a i c  m a c h in e ry  t h a t  w i l l  s h o r t e n  
l a t e r  a r g u m e n t s  and e n a b l e  u s  t o  c o n n e c t  t h e  form  [ 1 , 0 , - p q ]  
w i th  fo rm s  o f  d e t e r m i n a n t s  1 , - q ,  and q .  We r e c a l l  t h a t  t h e  
d e t e r m i n a n t  o f  t h e  fo rm  f  = [ a , b , c ]  i s  t h e  d e t e r m i n a n t  o f ’
a b / 2
b / 2  ci_ _
which i s  c a l l e d  t h e  m a t r i x  o f  t h e  form £  .
DEFINITION. A C a n to r  d ia g ra m  i s  a d ia g ra m  o f  t h e  fo rm
11
w h ere  t h e  h^ a r e  b i n a r y  q u a d r a t i c  f o r m s ,  T i s  a 2x 2 
m a t r i x  which  t r a n s f o r m s  h^ i n t o  h 2 , and  T ' i s  t h e  
t r a n s p o s e  o f  T, and c a r r i e s  h^ i n t o  h ^ . (Th is  i d e a  
o r i g i n a t e d  w i t h  Georg C a n to r  in  1 8 6 8 ) .
PROPOSITION 1 . 5 .  I f h l T > h 2 i s  a C a n to r
h4 < T 7 h3
d ia g ra m ,  t h e n  a ]_a4 + 2b^b^ + c^c^ = a 2 a^ + + CgC^ where
h ± = [ a 1 , b i , c 1 ] ,  1 < i  < 4 .
PROOF. L e t  T = a T; s i n c e  h^  -----> h 2 , we have
2 2 2 2 a^  (ax  + by)  + 2b1 (ax + by)  (cx + dy) + c-j(cx + dj) = a 2x +2b2x y + c 2y ,
2 2 w h ere :  a 2 = a-j_a + 2b1ac  + c-^c ,
and 
T '
2b2 = 2a^ab + 2b1 ( a d + b c )  + 2 c 1c d ,  
c^ = a-jb2 + 2b^bd + c^ d 2 . S i n c e  h^ <r^— h ^ ,
we h a v e ,  by r e p l a c i n g  1 by  3 and 2 b y  4 i n  t h e  above ,  t h e
f o l l o w i n g :
2 2a4 = a3a + 2b^ab + c^b  ,
2b^ = 2a^ac + 2 b ^ (a d  + b c )  + 2c^bd ,  and
2 2c^ = a^c + 2b^ cd  + c^ d  . Hence
2 2
a l a4 + 2131^4 + c i c4 = a i ( a3a + 2b^ab + c^b  ) +
2b i ( a 3 ac + b ^ ( a d + b c )  + c^bd )  + c-  ^( a ^ c ^ H ^ b ^ c d + c ^ ^ )
12
2 2= a ^ ( a 1a + 2b1 ac + c^c  ) + 2b^(a-^ab+b^(ad+bc)+  c^cd)
2 ?+ c^ (a-^b + 2b-Lbd + c^d  ) = a 2a^ + 2b 2b^ + C2C3 •
Q.E .D.
THEOREM 1 . 6 . L e t  (p |  5 ) = I* P = l(mod 4 ) ..and = [ 1 , 0 , - 5 p ] . 
Then:
(a )  A n e c e s s a r y  c o n d i t i o n  t h a t  r e p r e s e n t  - 1  i s
t h a t  t h e r e  e x i s t  i n t e g e r s  x-  ^ odd ,  x 2 even such  t h a t
2 2 ip = x 1 + x 2 , w i th  e i t h e r  (x-L + 2x2 |5 )  = 1 and
(2x1 -  x 2 1 5) = - 1 ,  o r  (x -l -  2x2 | 5) = 1 and (2x-]_ + x g | 5) = - 1 .
(b)  A n e c e s s a r y  c o n d i t i o n  t h a t  f-^ r e p r e s e n t  5 i s
t h a t  t h e r e  e x i s t  i n t e g e r s  x^ e v e n ,  x^ odd su c h  t h a t  
2 2p = -x ^  + ) w i t h  ( x ^ lS )  = - i i  o r J e q u i v a l e n t l y ,  t h a t
2 2t h e r e  e x i s t  i n t e g e r s  y^ e v e n ,  y ^ .o d d  su ch  t h a t  p = y^ -  5y^ 5 
w i t h  ( y ^ | 5) = 1.
(c )  A n e c e s s a r y  c o n d i t i o n  t h a t  f ^  r e p r e s e n t  -5
i s  e i t h e r  (1)  t h e r e  e x i s t  i n t e g e r s  x,_ odd, Xg even such  t h a t
p = x 2 + 5xg and (Xj- |5) = ( p | 5 ) ^  = 1 ; o r  (2) t h e r e  e x i s t
2 2i n t e g e r s  x^  even ,  x^ odd su c h  t h a t  p = x ^  + 5xg and 
( x 5 l 5 ) = ( p | 5 )4 = - 1 .
PROOF. (a)  I f  t h e r e  e x i s t  i n t e g e r s  u , v  ( v > 0 , s i n c e  
( - v ) 2 = v 2 ) such t h a t  u 2 -  5 p v 2 = -1 ,  t h e n  t h e r e  e x i s t s  a 
fo rm  g = [ 5p v ,  2u , v ]  o f  d e t e r m i n a n t  1 . Hence g ~  [ 1 , 0 , 1 ] ,  
s i n c e  t h e r e  i s  o n ly  one c l a s s  o f  p o s i t i v e  d e f i n i t e  fo rm s o f
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d e te r m in a n t  1 . We fo rm  t h e  f o l l o w i n g  C a n to r  d iag ram :
[ 1 , 0 , 1 ]  — — > [ 5 p v ,2 u ,  v] = g 
h = [ z 1 , 2 z 2 , z ]  <—  [ 1 , 0 , - 5 p ]  = f ]_
Prom h e r e  o n ,  we w i l l  d e n o te  b y  h t h e  image o f  f ^
u n d e r  T ' .  By P r o p o s i t i o n  1 . 5 , z^ + z = 5p v - 5pv = 0 , so
t h a t  z 1 =' - z ,  and  t h e r e  i s  a form h = [ z ^  2 z 2 , - z - L] ~  f-^.
2 2Comparing d e t e r m i n a n t s ,  we f i n d  t h a t  5P = z _^ + z 2° S in ce  
h i s  p r i m i t i v e ,  z^  m u s t  be  odd, so  z 2 i s  e v e n .  S in c e  h
i s  i n  t h e  genus  o f  f ^ ,  we must  have  1 = (z -J  5) = (2 z 2 | 5 ) ,
b e c a u s e  b o th  z^ and 2 z 2 a r e  r e p r e s e n t e d  ( p r i m i t i v e l y )  by 
h .  Hence (z1 | 5 ) = 1 , ( z 2 | 5 ) = - ! •  Now p i s  a
2 2pr im e  s  l  (mod 4 ) ,  and so  h a s  a r e p r e s e n t a t i o n  p = x^ + x 2 
a s  a sum o f  two s q u a r e s .  T h i s  r e p r e s e n t a t i o n  i s  u n iq u e  up 
t o  change of  s i g n s  and  o r d e r ,  so we may assume i s  odd,
Xg i s  even,  and  b o t h  a r e  p o s i t i v e ,  w i t h  no l o s s  i n
g e n e r a l i t y .  Then 5p = (1 ^ + 22 ) (x^  + x^)  =
2 — 2 2 2 
(x^ + 2Xg) + ( 2x^  + x 2 ) ~ z i + z 2 ’ s i n c e  z i  i s  oc^  and z 2
even ,  we have z^  = x-^ + 2Xg and z 2 = 2 x 2  + x 2 ( t h i s  n o t a t i o n
means t h a t  i f  we c h o o s e  z^  = x-  ^+ 2x2 , we m ust  choose
z 2 = 2x-  ^ -  x 2 , e t c ) .  H en c e ,  e i t h e r  (1 ) (x1 + 2x 2 | 5 ) = 1 and
(2x 1- x 2 | 5 )= - 1 . o r  ( 2 ) ( x 1- 2x 2 | 5 )= 1 and  ( 2x x+x2 | 5 ) = - 1  • T h i s  p r o v e s  
(a )  .
(b) I f  t h e r e  e x i s t  i n t e g e r s  u , v  ( a g a i n ,  we may
2 2assume v > 0) s u c h  t h a t  u  -  5pv = 5, t h e n  t h e r e  
e x i s t s  a form g = [ 5 p v ,  2u , v ]  o f  d e t e r m i n a n t  - 5 . Now
i4
2 2 2 2 2 2 u  -  5pv = u -  v (mod 4 ) ,  so t h a t  i n  t h i s  c a s e ,  u  s  5 + v
p * .
s  1 + v (mod 4 ) i m p l i e s  t h a t  u i s  odd and v i s  e v e n .
Hence g i s  i m p r i m i t i v e ,  w i t h  g . c . d .  = 2 , s i n c e  ( 5 p v , 2u , v )
= ( 5p v , ( 2u , v ) )  = ( 5p v , 2 ) = (v,  2 ) = 2 . Hence g ~ [ 2 , 2 , - 2 ] ,  t h e
l a t t e r  r e p r e s e n t i n g  t h e  o n ly  c l a s s  o f  d e t e r m i n a n t
- 5 , g . c . d .  2 . We then, fo rm  t h e  f o l l o w i n g  C a n to r  d ia g ra m :
[ 2 ,  2 , - 2 ]  — 2L> [5 p v ,  2 u ,v ]  = g
h  = [ a ,  2b, c]  <——  [ l , 0 , - 5 p ]  = f 1
By P r o p o s i t i o n  1 . 5 , 2a + 2b -  2c = 0 ,. so  c = a + b ,  and
h en c e  t h e r e  i s  a fo rm  h = [ a ,  2b ,  a + b]  ~  f ^ .  E q u a t i n g
2 2d e t e r m i n a n t s  y i e l d s  t h e  e q u a t i o n  5P = "b -  b a  -  a . S in c e  h
i s  p r i m i t i v e ,  e i t h e r  a o r  a + b  i s  odd ;  how ever ,
2 2 2 2 b — b a - a  = ( - b )  -  ( - b X a + b ) - ( a  + b )  , so we may r e p l a c e  a by
a + b  and b b y  - b ,  and change n o t h i n g .  H ence ,  we may
assume t h a t  a i s  o d d .  I t  i s  e a s y  t o  v e r i f y  t h a t  we may
a l s o  r e p l a c e  b by  b -  a and a by  - a  , so we may a l s o
assume t h a t  b i s  e v e n .  Hence b = 2y ^ ,  and we have
2 2 2 25P = 4 y^ -  2ay^ -  a = 5y^ -  (y^ + a )  ; 5 m u s t  t h e r e f o r e  d i v i d e
2 2y^ + a ,  so  we w r i t e  y^ + a = 5y^, and so 5p = 5y^ -  25y^ .
P P
Hence p = y^ -  5y 3 > anc  ^ s i n c e  5 ^  P s  1 (mod 4 ) ,  we have  
y^ odd ,  (yij.^5 ) = 1 * and y^ e v e n .  S in c e
h = C 5y^ -  yi).^4 y ^ ,  5y3 + yi|.] i s  i n  t h e  genus  o f  f-j_, we have  
1 = ( 5Y3 + | 5 ) = (y^ |  5 ) .  We o b s e r v e  t h a t  t h e  u n im o d u l a r
s u b s t i t u t i o n  y^ = -  ^ x ^ y ^  = ~2x3 + 5X4 * y i e l d s
2 2p = -x ^  + 5x^ * w i th  x^ even and x^ odd h o l d i n g  i n  o r d e r
t h a t  y^ "be even and y^ o d d .  F i n a l l y ,  1 = (-2X3 + 5x2j. 15 ) =
(-2X215 ) 3 so t h a t  (x3 | 5 ) = - 1 . The c o n d i t i o n s  i n v o l v i n g  t h e
p a i r  x^ and x^ a r e  e q u i v a l e n t  t o  t h o s e  i n v o l v i n g  t h e  p a i r
y^ and y^ ,  s i n c e  t h e  u n im o d u l a r  s u b s t i t u t i o n
2 2x 3 = 5y3 + 2y^, x^ = 2y^ + y ^ ,  t r a n s f o r m s  -x ^  + 5x^ h a c k  
2 2i n t o  y^ -  5y^ . T h i s  p r o v e s  ( b ) .
(c )  I f  t h e r e  e x i s t  i n t e g e r s  u , v  ( a g a i n ,  w i t h  
P Pv > 0) such  t h a t  u -  5pv = - 5 ,  then, t h e r e  i s  a fo rm
g = [ 5p v , 2u , v ]  o f  d e t e r m i n a n t  5 .  T h e re  a r e  two c l a s s e s  o f
p o s i t i v e  d e f i n i t e  fo rm s o f  d e t e r m i n a n t  5* r e p r e s e n t e d  by  
[ 1 , 0 , 5 ] and [ 2 , 2 , 3 ] .  Hence t h e r e  a r e  two c a s e s :
( 1 ) g ~ [ 1 , 0 , 5 ] ,  We fo rm  t h e  f o l l o w i n g  C a n to r  
d iag ram :
[ 1 j 0 , 5 ] ~ —> [ 5 p v , 2 u , v ]  = g
h = [ w, 2 z , x ^ ] < — — [ 1 , 0 , - 5 p ]  = f ±
By P r o p o s i t i o n  1 . 5 , w + 5x,_ = 0 , so  w = - 5x ^ ,  and
t h e r e  i s  a fo rm  h = [ - 5x ^ ,  2z , x , - ] ~  f-^. E q u a t i n g  d e t e r m i n a n t s ,
2 2we f i n d  t h a t  5P = 5*^ + z . Hence z = 5*g ,  and we have 
2 2p = x^  + 5 x g . S in c e  h i s  p r i m i t i v e ,  x,_ i s  odd ,  so Xg
i s  e v e n ;  s i n c e  h i s  i n  t h e  g e n u s  o f  f ^ ,  we have
I P(x 5 | 5 ) = I* F i n a l l y ,  p s  x ^  (mod 5) i m p l i e s  t h a t
(p | 5 ) 4  = (x | | 5 ) 4  = (x 5 | 5 ) 2 = ! •
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( 2 ) g ~ [ 2 , 2 , 3 ] .  We fo rm  t h e  f o l l o w i n g  C a n to r
d iag ram :
[ 2 , 2 , 3 ]  - 2 —■> [ 5 p v ,  2 u ,v ]  = g 
h = [ a , 2 b , c ] < - i i [ l , 0 , - 5 p ]  = f 1
By P r o p o s i t i o n  1 . 5 , 2a + 2b + 3c = 0 , so t h a t  c = 2x c0
i s  e v e n .  Hence a + b + 3x._ = 0 , a = -b  -  3x c , and  t h e r eD D
i s  a fo rm  h = [ - b - 3x,_, 2b ,  2x^ ]  ~  f ^ . E q u a t i n g  d e t e r m i n a n t s ,
o p 2 2we h av e  5p = b + 2bx,_ + 6x^  = (b + x^)  + 5x,_. Hence b
i s  odd ,  so Xj. i s  even ( s i n c e  h  i s  p r i m i t i v e )  and  b+x,_
i s  odd ,  and i s  d i v i s i b l e  b y  5 .  W r i t i n g  b + x ,_  = 5x g ,  we
2 2o b t a i n  p = + 5x g . S in c e  h  i s  t h e  g en u s  o f  f-j_, we f i n d
t h a t  1 = (2x,_ 15 ) ,  so ( x ^ | 5 ) = - 1 . Hence (x2 | 5 )^ = - 1 , and
p s  x 2 (mod 5) i m p l i e s  t h a t  (p 15 )ij. = - 1 * T h i s  p r o v e s  ( c ) ,
and c o m p le t e s  t h e  p r o o f  o f  Theorem  1 . 6 .
Q . E . D .
S in c e  we a r e  c o n c e r n e d  w i t h  t h e  r e p r e s e n t a t i o n s  o f  a
2 2 2 2 2 2 p r im e  by  t h e  form s x + y  , - x  + 5y and x + 5y , any
r e l a t i o n s h i p s  among su c h  r e p r e s e n t a t i o n s  co u ld  b e  more e a s i l y
d i s c e r n e d  by o b t a i n i n g  a c o m p le t e  s o l u t i o n  o f
( 1 . 6 . 1 )  p = x 2 + x |  = - x 2 + 5 x 2 = x 2 + 5 x |
by  e x p r e s s i o n s  f o r  x ^ , . . . , x g  w i t h  i n t e g r a l - v a l u e d  
p a r a m e t e r s .  We p r o p o s e  t o  o b t a i n  su ch  a  s o l u t i o n ,  f o r
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x - ^ x ^ x , -  °dd ,  and x 2 , x 4 , x 6 e v e n ;  a l s o  a s o l u t i o n  f o r
x ^ x ^ x g  odd, and x 2 ,x^ ,x ,_  even w i l l  be o b t a i n e d .  In  e a c h
c a s e ,  p w i l l  d e n o t e  a p r im e  r e p r e s e n t a b l e  by  th e  form s 
x 2 + y 2 and x 2 + 5y 2 ( i . e .  ( p | 5 ) = 1 * p = 1 (mod 4 ) ) .  To
a c c o m p l i s h  t h i s ,  we w i l l  s t u d y  t h e  s o l u t i o n s  o f
2 2 2 2Xf + Xg = - x 3 + 5x^ i n  i n t e g r a l  p a r a m e t e r s  t Q, t ^ ,  t ^ t ^ *  t h e
2 2 2 2s o l u t i o n s  o f  -x ^  + 5x^ = x^  + 5xg i n  i n t e g r a l  p a r a m e t e r s
2 2 2 2 
s o J S1 J s 2* S3 J and + 5xg = x^  + x 2 i n
i n t e g r a l  p a r a m e t e r s  u Q, u ^ , u 2 , u 3 . Then we w i l l  a d j u s t  t h e  
p a r a m e t e r s  t ^  and s^  t o  make t h e  two e x p r e s s i o n s  o f  x^ 
and o f  x^ e q u a l ,  o b t a i n i n g  a c o m p le te  p a r a m e t r i c  s o l u t i o n  
o f  ( 1 . 6 . 1 )  when x,_ i s  odd ,  Xg i s  even ,  and p i s  a
p r i m e .  F i n a l l y ,  we w i l l  a d j u s t  t h e  p a r a m e t e r s  t ^  and u^
t o  make t h e  two e x p r e s s i o n s  o f  x-  ^ and o f  x 2 e q u a l ,  
o b t a i n i n g  a co m p le te  p a r a m e t r i c  s o l u t i o n  o f  ( 1 . 6 . 1 )  when 
Xj_ i s  ev en ,  Xg i s  odd ,  and p i s  a p r im e .
THEOREM 1 . 7 . L e t  p be  a p r im e  w hich  i s  r e p r e s e n t a b l e  by
2 2 2 2t h e  fo rm s  x + y  and  x + 5y  . Then e v e ry  s o l u t i o n  in
i n t e g e r s  x^ ,  . . . , x g  w i t h  and xj| odd, x 2 and x^
even o f  t h e  s y s te m  o f  e q u a t i o n s
( 1 . 6 . 1 )  p = x 2 + x |  = - x 2 + 5x2 = x 2 + 5xg
i s  g iv e n  ( e x c e p t  f o r  s i g n ) ,  f o r  i n t e g r a l  v a l u e s  o f  t Q, t ^ , t 2 , t ^
(one o r  t h r e e  o f  w hich  may be  o d d ) ,  b y  t h e  f o l l o w i n g
e x p r e s s i o n s :
( 1 . 7 . 2 )
x 2 = 2 ^"t ot 3 + ^1^2^ ^ + ^2 ^3 )
X3 = 2 ( t ot 2 + t 1t 3 ) + 2 ( t ^  + t ^ - t 2 - t | )
2 2 2 2 
x4 = t o + t l + t S + t 3
x 5 = t o + t 3 _ t l _ t 2 + ^ (t ot 3 + *1*2)  
x 6 = 2 (“ t o t l + t 2t 3) (x 5 o d d ^x 6 e v e n )
and
X1 = t o + t ! - t l - t 3 + 4 (t ot 3 + t l t 2 ) 
x 2 = *  2 (^0  + ^2  ” ^1 "
X 3  =  2 ( t 0 t 2  +  t - ^ t 3 ) +  4 ( - t Q t 2  +  1 2 ^ 2 )
4.2 , . 2  , . 2  . 2
x4 = o 1 2 3
x 5 = 2 ( t 0t i - t 2t 3 ) + 4 (t 0t 2 + t i t 3) 
x 6 = t o + t 3 “ t l “ t 2 (x 5 e v e n ,  Xg odd)
PROOF. The p r o o f  i s  b a s e d  on t h e  p r o p e r t i e s  o f  c e r t a i n  
q u a t e r n a r y  q u a d r a t i c  fo rm s ,  c a l l e d  n o rm -fo rm s ,  and t h e i r  
r e l a t i o n s h i p  t o  t h e  t h e o r y  o f  f a c t o r i z a t i o n  o f  g e n e r a l i z e d
19
q u a t e r n i o n s .  F o r  d e t a i l s  beyond t h i s  p ap e r*  s e e  [ 8 ] ,
W ith  ea c h  i n t e g r a l  t e r n a r y  q u a d r a t i c  f o rm  f  o f  
m a t r i x  [ aa p ] i s  a s s o c i a t e d  a c e r t a i n  q u a t e r n i o n  r i n g .  The 
q u a t e r n a r y  q u a d r a t i c  fo rm  F* a s s o c i a t e d  w i t h  t h i s  r i n g  and 
d e f i n e d  by
( 1 . 7 . 3 )  F =  (x0 + e l X l / 2  + € 2x &/ 2  + e 3x 3/ g ) 2 + s 3 )g=:LAa e x aXe
where A = [ A ^ ]  i s  t h e  a d j o i n t  m a t r i x  o f  [ ] and t h e
a r e  chosen  t o  make F an i n t e g r a l  form* i s  c a l l e d  t h e  
n o rm -fo rm  o f  t h e  r i n g .  We d en o te  b y  Q* t h e  c o n j u g a t e  o f  
t h e  q u a t e r n i o n  Q* and  by  N(Q) t h e  norm o f  Q; a q u a t e r n i o n  
Q, i s  p u r e  i f  Q* = -Q .
We s t a t e  t h e  f o l l o w i n g  w i t h o u t  p r o o f :
LEMMA 1 . 8 . ( e s s e n t i a l l y  Theorem 3 o f  [ 8 ] ) .  L e t  m be  a
n o n - z e r o  i n t e g e r  r e p r e s e n t e d  by some fo rm  i n  t h e  genus  o f
t h e  n o rm -fo rm  F; assume m i s  n o t  d i v i s i b l e  b y  any p r im e  p
su ch  t h a t  p ^ | d  (d = - 4 * d e t [ a a p ] )  o r  s u c h  t h a t  p | |d  and
c = +1 ( s e e  [ 9 ] ) j  assume Q i s  a p r i m i t i v e  q u a t e r n i o n  such  
P
t h a t  m|N(Q)* and t h a t  t h e  genus o f  F c o n t a i n s  o n l y  one 
c l a s s .  Then t h e r e  e x i s t s  a r i g h t - d i v i s o r  a o f  Q* o f  norm 
m and u n iq u e  up t o  a l e f t  u n i t  f a c t o r .
To s t u d y  t h e  s o l u t i o n s  o f
( 1 . 7 *^) x f + x f  = - x |  + 5x^
i n  i n t e g r a l  p a r a m e te r s *  f o r  x-j^  and x^ odd* x 2 and x^ even*
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2 2 2we examine t h e  e q u a t i o n  5x^ = x 2 + x^* and we o b s e rv e
2
t h a t  Q = i^x-^ + i 2x 2 + i ^ x ^  i s  a q u a t e r n i o n  o f  norm 5x^ 
in  t h e  r i n g  o f  q u a t e r n i o n s  w i t h  t h e  f o l l o w i n g  m u l t i p l i c a t i o n
p o p
t a b l e  ( t h e  s o - c a l l e d  L i p s c h i t z  q u a t e r n i o n s ) :  i ^  = i 2 = i 2  = - l ,
= = — 2"^ "1  ^ 213 = "^"1 = ”"^ "2 "^"2  ^ ^ 1311 = 1 2 = — ^ "1^ *3 *
The n o rm -fo rm  o f  t h i s  r i n g  i s  t h e  fo rm  F = t ^ + ' t ^  + t 2 + t ^  > 
which  i s  i n  a genus  o f  one c l a s s  [ 8 , p . 3 2 9 ] .  S in c e  we 
assume x^ odd, t h e  h y p o t h e s e s  o f  Lemma 1 .8  a r e  s a t i s f i e d ,  
so we may w r i t e  Q = Pa, where a = t Q + t ^ i ^  + t ^ g i ^  i s
O O
u n iq u e  up t o  a 3e f t - u n i t  f a c t o r ,  and N(a)  = Z;? t ^  = x^ .
Now Q i s  p u r e ,  so -P a  = -Q = Q *  = a*P* .  Hence a* i s  a 
l e f t - d i v i s o r  o f  P, and we may w r i t e  Q = a*Ta, where 
N ( t )  = 5 -
LEMMA 1 . 9 * I f  Qi cr and t a r e  q u a t e r n i o n s  ( i n  any 
q u a t e r n i o n  r i n g )  s a t i s f y i n g  Q = a*Ta,  i f  a ^  0 ,  and i f  Q 
i s  p u r e ,  t h e n  t i s  p u r e .
PROOF. I f  Q = o*to , then  Q* = a*T *a .  Q, i s  pure ,  so 
0 = Q + Q* = a* (t + t * ) a ;  t h e s e  r i n g s  c o n ta in  no zero  d i v i s o r s ,
so t  + t *  = 0 ( r e c a l l  a ^ 0 ) ;  hence t  i s  p u re .
By t h e  above lemma, t i s  p u r e j  i f  we w r i t e
t = a i 1 + b i 2 + c i ^  ( a , b , c  t o  be  d e t e r m i n e d ) ,  t h e n
q = a * ro  = ( t 0- t 1i 1- t 2i 2- t 2 i 2 ) ( a i 1+ b i 2 + c i 2 ) ( t 0+ t 1 i 1+ t 2i 2+ t 2 i 2 )
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we have
X1 = a(t o + t f - t 2 - t f) + 2b(tQt2 + t^g) + 2c(-t0t 2 +
Xg = 2a ( - ^ 0 ^ 3  + ’t- '^fcg) + b ( t Q + t g  -  ^1 ” ^3)  + 2 c  ("kg^^ + ^2^3 ^
X3 = 2 a ( t Qt 2 -  t 1t 3 ) + 2 b ( - t 0t 1 + t 2t 3 ) + c ( t ^  + t | -  t ^ _  t g )  
x^ = N ( a )  = + t g  + t ^  .
We o b s e r v e  t h a t  x^  s  a ,  Xg s  b ,  X3 s  c (mod 2 ) ,  so
t h a t  a i s  odd ,  and b and c a r e  e v e n .  The p o s s i b i l i t i e s
f o r  t a r e  + ( ^ i i  2 ig )  and + (^1 Jl ^ 3 ) *  f o r  any o t h e r  p u r e
q u a t e r n i o n  o f  norm 5 h a s  a e v e n . We now show t h a t  a l l
p a r a m e t r i c  s o l u t i o n s  o f  (1 . 7 -4 ) ,  e x c e p t  p o s s i b l y  f o r  ch a n g es
o f  t h e  s i g n  o f  X3 and x ^ ,  can be  o b t a i n e d  by  u s i n g
T]_ = i]_ + 2 i g  and Tg = i^_ + 213 .  (We would need  t o  u s e  o n ly
2 2 2 2.t 1 were we i n t e r e s t e d  o n l y  i n  t h e  e q u a t i o n  5x^ = x 1+Xg+3C , 
f o r  r e p l a c i n g  t-^ by  Tg h a s  t h e  e f f e c t  o f  p e r m u t i n g  Xg 
and X 3 ) .
U s in g  we o b t a i n
t o + t l -  *2 " *f + 4 (*0*3 + *1*2)
x(X) = 2 (-t0t 3 + t 1t 2) + 2(t®+t |-
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( 1 -7 - 5 )
x 3  ^ = 2 ^ o ^ 2  + ^1 ^3 )  + ^ + ^2^3)
= t 2 + t 2 + t 2 + t 2 (one o r  t h r e e  o f  t h e  t ^  
a r e  odd)
Using  t | 2  ^ -= i 2 -  2 ig* we o b t a i n
xl 2) = *0 + t l “ t I - *3 + 4(-tot3 ■ t l t 2>
x(2) = + + 2(-t2 - t 2 + t 2 + t 2)
( 1 . 7 . 6 )
x^2) = 2(t0t 2 + t1t 3) + 4(tQt1 - t gt3)
Xjj2 ) = (one o r  t h r e e  6o f  t h e  t ^  a r e  odd)
I f  we u s e  = - t j - 2 ) ,  we o b t a i n  x - ^ ^  = - x - ^ 2 ) ,
X g ^ )  =  - X g ( 2 ^ ,  x 3 ^  =  “ x 3 ^ 2 ^  a n d  =  x 4 ^ 2 ^* I f  we
u se  = - t 1 ^1 \  we o b t a i n  x ± ^  ) = - x 1 ^ ^ x ^  ) = - x ^ H
x 3 ^  =  “ x 3 ^ 1 ^  a n d  x 4 ^ ^  =  x 4 ^ " L ^ ‘  R e p l a c i n g  
t Q by  - t-^ ,  t-^ by  - t Q, t g  b y  t ^  and t ^  by  t g  (we may do 
t h i s ,  s i n c e  we may c h o o s e  an y  v a l u e s  f o r  t h e  t ^  s u b j e c t  
t o  t h e  r e s t r i c t i o n  t h a t  one o r  t h r e e  o f  them  m ust  be  odd)
ch an g es  x ^ 2 ) t o  x ^ ^ ,  Xg^2  ^ t o  X g ^ ^ ,  and * 3 ^  t o  “x 3^1 ^•
R e p la c in g  t Q by  - t g ,  t ± b y  - t y  t g  by  - t Q, and t ^  by  - t 1
ch an g es  x - ^ ^ )  x - ^ 1 ) ,  X g ^ ^  t o  X g ^ ^ ,  and * 3 ^  t o  - x - ^ ^  •
F i n a l l y ,  r e p l a c i n g  t Q b y  - t y  ^  by  - t g ,  t g  by  t-^, and 
t ^  t y  t Q ch an g es  x ^ ^ )  t o  x ^ ^ ) ,  Xg(^)  t o  X g ^ ^  and
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x - ^  t o  x 3 ^  • Note t h a t  x^ > 0  i n  a l l  c a s e s .
Hence, e x c e p t  f o r  a l t e r a t i o n  o f  t h e  s ig n  o f  x ^ j  we
l o s e  no s o l u t i o n s  o f  (1 . 7 .4 ) by r e s t r i c t i n g  o u r  c h o i c e  o f
t h e  t o  t = T-, . A s i m i l a r  a rgum en t  shows t h e  same
l l 1
t h i n g  f o r  TgJ i f  we u se  T 2 = + we ol>tain
x 2 = 2 (~t 0t 3 + t l t 2^ + 4 (t ot l + t 2t 3)
( 1 . 7 . 7 )
x 3 = 2 (t ot 2 + t l t 3 ) + 2 ( t o + t 3 ~ t l ' t 2 )
O O O O
x^ = t ^  + t ^  + t g  + t ^  (where one o r  t h r e e  o f  
t h e  t ^  a r e  odd)
S in c e  by  Lemma 1 .8  t h e  f a c t o r i z a t i o n  o f  Q i s  u n iq u e ,  
t h e  e x p r e s s i o n s  in  ( 1 . 7 . 5 )  and ( 1 . 7 . 7 ) y i e l d  a l l  s o l u t i o n s  
(except f o r  ch an g es  o f  t h e  s ig n  o f  x^ and x^ )  o f  (1 . 7 .4 ) in  
i n d e p e n d e n t  p a r a m e t e r s  t ^ t - ^ t g j t ^  w i t h  x-  ^ and x^ odd, 
and x 2 and x^ e v e n .
To s t u d y  t h e  s o l u t i o n s  o f
(1 . 7 . 8 ) - x |  + 5x4 = x *  + 5x |
i n  i n t e g r a l  p a r a m e t e r s ,  in  t h e  c a s e  where x^ and x,_ a r e  odd, 
and x^ and Xg a r e  even ,  we s tu d y  t h e  e q u a t i o n
(1 .7 .9) - 5y| = x2 + 5xg
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i n  t h e  c a s e  t h a t  y^ and x^ a r e  odd, and  y^  and xg a r e  
e v e n .  U s ing  t h e  p a r a m e t r i c  s o l u t i o n s  o f  ( 1 . 7 . 9 )  and t h e  
u n im o d u la r  s u b s t i t u t i o n  y^ = 5x^ -  X y  y^ = - 2x^ + X y  we
w i l l  be  a b l e  t o  f i n d  p a r a m e t r i c  s o l u t i o n s  o f  ( 1 . 7 . 8 ) .
2 2 2 2 E xam in ing  t h e  e q u a t i o n  y^ = x,_ + 5y^ + 5xg* we see  t h a t  t h e
r i g h t  hand s i d e  i s  t h e  norm o f  a q u a t e r n i o n
Q = + x 6^3 r i n S o f  q u a t e r n i o n s  w i t h  t h e
m u l t i p l i c a t i o n  g iv e n  by  t h e  f o l l o w i n g :
i f  = - 1 * i |  = i g  = - 5 i  i ]_ i2 = " i 2i 1 = ±y  i 2i 3 = ” i 3 i 2 = and
i ^ i ^  = - i -L i2 = i 2 * ^ ow norin“ t orm ° f  t h i s  r i n g  i s
2 2 2 2 F = s Q + + 5 S2 + 5s^ * which i s  n o t ,  u n f o r t u n a t e l y ,  in  a
gen u s  o f  one c l a s s .  We w i l l  show t h a t ,  f o r  o u r  p u r p o s e s
(nam ely ,  s t u d y i n g  t h e  e q u a t i o n  (1 . 6 . 1 ) ) ,  t h i s  d o e s  n o t
m a t t e r ;  a l t h o u g h  we may n o t  be  a b l e  t o  o b t a i n  a l l  s o l u t i o n s
o f  ( I . 7 . 8 ) and (1 . 7 . 9 )* we p r o c e e d  as a b o v e .  We w r i t e
Q = ct*tct, where N(a)  = N (sq 4-s 1 i 1 + s 2 i 2 + s ^ i ^ )  = y^* and
N(t ) = 1 .  By Lemma 1.9* t  i s  p u r e  b e c a u s e  Q i s  p u r e ,  so
we may t a k e  t  t o  be i-^; h en ce  Q = x^i-^ 4 -y ^ i 2 4-x g i ^  =
( s q -  -  s 2^ 2  ” S3 i 3 ^i l ^ s o s l dl  s 2d 2 + s 3 i 3 ^
= ^1 ( s o + S1 “ -  5 S 3 )  + 2 i 2 ( - - s o S2 + 3-j_s 2 ) 2 i 2 ( s 0 + s -^ S 2 ) .
Comparing c o e f f i c i e n t s ,  we have
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( 1 . 7 . 1 0 )
x 5 = 2 ( s o s 2 + s l s 3 ^
p p p O
y^ = N(a)  = + 8i  + 5 s 2 + 5s^ (where one o r
t h r e e  o f  t h e  a r e  o d d ) .
S in c e  x^ = y^ + 2y^ and = 2y^ + 5y3 , we h a v e  t h e  
f o l l o w i n g :
x 3 = 2 ( s 2 + s^  + 5 s 2 + 5 s 2 ) + 1 0 ( - s o s 3 + s 1 s 2 ) 
x 4  = s 2 +  s 2 +  5 s |  + 5 s 2 +  4 ( - s 0 s 3 +  S l s 2 )
( 1 . 7 . 1 1 )
2 2 2 2 
x 5 = so + s1 - 5 s 2 - 5 s 3
Xg = 2 ( s 0 s 2 + s 1 s 3 ) (where one o r  t h r e e  
a r e  o d d ) .
The e x p r e s s i o n s  i n  ( 1 . 7 . 1 1 )  c o n s t i t u t e  a s o l u t i o n  o f
( 1 . 7 . 8 ) ,  i n  t h e  c a s e  where x 3 and Xg a r e  even and x^  and x^  
a r e  odd ,  i n  i n d e p e n d e n t  p a r a m e t e r s .  S in ce  t h e  n o rm -fo rm  i s  
n o t  i n  a genus  o f  one c l a s s ,  how ever ,  no c l a im s  can he made 
r e g a r d i n g  u n i q u e n e s s .
To s t u d y  t h e  s o l u t i o n s  o f
( 1 . 7 . 1 2 ) x 2 + x |  = x 2 + 5xg
i n  i n t e g r a l  p a r a m e t e r s  i n  t h e  c a s e  t h a t  x^ and Xg a r e
odd ,  and x 2 and x^  a r e  e v en ,  we c o n s i d e r  t h e  e q u a t i o n
P P P 2- 5xg = - x ^  -  x 2 + x_ ,  and o b s e rv e  t h a t  t h e  r i g h t - h a n d  s i d e
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i s  t h e  norm o f  Q = x^i]^ + Xgig + x 5 i 3 r;i-n S °?
2 2 2q u a t e r n i o n s  w i t h  t h e  f o l l o w i n g  m u l t i p l i c a t i o n :  i ^  = i g  -  1 ^ =
i - ^ X g  =  - X g i ^  =  X 2 X 3  ”  “ "^3^"2 =  ^"1* ^"2^”1  =  “ i i 1 3  =  1 2 *
We w i l l  p r o c e e d  a s  a b o v e ,  w r i t i n g  Q = cr*Ta, where
O O O O
N(cr) = N (u q + u ^ - ^  + U gig  t u ^ i ^ )  = u 0 + u3 “ u ]_ “ u 2 = x 6* anc*
N(t )  = - 5 ;  f o r  o u r  p u r p o s e s ,  i t  d o es  n o t  m a t t e r  w h e th e r  o r
2 2 2 2
n o t  t h e  n o rm -fo rm  uq + u 3 “ u q “ u 2 ^ s a §erius o f  one c l a s s .  
By Lemma 1.9* t i s  p u r e  ( s i n c e  Q i s  p u r e ) :  i f  we w r i t e  
t  = a i 1 + b i 2  4- c i ^ j  then.
q  = (Uq -  Uj i j '  -  u 2 i 2 -  u 3 i 3) ( a i i  + 'b i 2 + c i 3 )(u0 + u l i l  +u2i 2 + u 3 i 3 ^  
e x p a n d in g  and c o l l e c t i n g  c o e f f i c i e n t s  o f  i - ^ i g ,  and i ^ ,  we 
o b t a i n
2 2 2 2x-  ^= a^Q +U g-u-^-u^)  + 2b (u^^-u-^U g)  + 2c ( -u ^ g + u -^ u ^ )
2 2 2 2
X g = 2 a ( - u 0U 2 “U 1Ug) + b ( u 0+ u 1-Ug-U2)+2c(u0u 1+UgU2)
( 1 . 7 . 1 3 )
2 2 2 2X|- = 2 a (-UQUg-u^u^) + 2b (uQ^-UgU^) + c (u^u^+ U g+ u^)
2 2 2 2Xg = N (a )  = u 0 + u 3 “ u i “ u 2 (where one o r  t h r e e
u^ a r e  odd)
S in c e  x-  ^ h a ,  Xg = b ,  and x^ = c (mod 2 ) ,  we must
have a odd ,  b and c ev e n .  F o r  o u r  p u r p o s e s ,  i t  i s
enough t o  ch o o se  a = 1 , b = 2 , c = 0 ; t h i s  may n o t  y i e l d  
a l l  s o l u t i o n s ,  b u t  a s  we s h a l l  s e e ,  t h i s  w i l l  n o t  m a t t e r .  
U s in g  t h e s e  c h o i c e s ,  we o b t a i n
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X1 = u o + u 2 -  U1 -  u 3 + 4 K u 3 -  u l u 2 >
2 2 2 2 x 2 = 2 ( - u q u 3  -  u 1u 2 ) + 2 (uQ + u x -  U g - u ^ )
( 1 . 7 . 1 4 )
x 5 = 2 (“ u ou 2 " u i u 3 ) + M u ou l  “ U2U3^
2 2 2 2 Xg = u Q + -  u 2 (where one o r  t h r e e
u^ a r e  o d d ) .
T h i s  i s  a p a r a m e t r i c  s o l u t i o n  o f  ( 1 . 7 . 1 2 ) ,  i n  t h e  c a s e  
t h a t  x-  ^ and xg a r e  odd ,  and x 2 and x ^  a r e  e v e n . A ga in ,  
we make no c l a i m s  o f  u n i q u e n e s s .
To o b t a i n  s o l u t i o n s  f o r  ( 1 . 6 . 1 ) ,  we f i r s t  examine 
t h e  e x p r e s s i o n s  f o r  x^  and x^ i n  b o th  (1.7*7) and
( 1 . 7 . 1 1 ) ,  T hese  e x p r e s s i o n s  i n  (1 . 7 .11)  can be  made t o  
c o i n c i d e  w i t h  t h e  c o r r e s p o n d i n g  e x p r e s s i o n s  i n  (1.7*7) by 
t a k i n g  s Q = - 2t 1 + s 1 = t Q -  2t 2, s 2 = t 2 , s^  = t .^ .  
A p p ly in g  t h i s  t r a n s f o r m a t i o n ,  w hich  h a s  d e t e r m i n a n t  1, t o  
t h e  r e s t  o f  (1.7.11)* we o b t a i n  t h e  e x p r e s s i o n s  f o r  
x-L, x 2 ,X2 ^ x ^ ,x ^  and xg g iv e n  b y  ( 1 . 7 . 1 ) .  T hese  e x p r e s s i o n s  
make t h e  f o l l o w i n g  an i d e n t i t y ,  f o r  x ^ ,x ^  and x^  odd, 
x 2 , x ^  and Xg ev e n :
( 1 . 7 . 1 5 )  x f  + x ^  = - x |  + 5*4  = x |  + 5xg
2 2L e t  p be  a p r im e  r e p r e s e n t e d  by  x£  + x ^  and by  
2 2x,- + 5xg 1 su c h  r e p r e s e n t a t i o n s  a r e  e s s e n t i a l l y  u n i q u e .
2 2F u r t h e r ,  l e t  p be  such  t h a t  t h e  r e p r e s e n t a t i o n  p = x ,_  + 5Xg
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h a s  x,- odd and xg e v e n .  The e x p r e s s i o n s  i n  ( 1 . 7 . 5 )  and
( 1 . 7 . 7 )  y i e l d  a l l  s o l u t i o n s  o f  ( 1 . 7 . 4 ) ,  so  t h e y  y i e l d  a l l
s o l u t i o n s , e x c e p t  f o r  ch a n g es  i n  t h e  s i g n s  o f  x^ and x ^ ,  o f
2 2 2 2 p = x-  ^ + x 2 = -x ^  + 5 x ^ . The e x p r e s s i o n s  i n  ( 1 . 7 . 1 )  make
(1 . 7 . 1 5 ) an i d e n t i t y ,  so  t h e y  make ( 1 . 6 . 1 )  an i d e n t i t y ,
w henever  p i s  a s  a b o v e .  By t h e  u n i q u e n e s s  o f  r e p r e s e n t a t i o n
2 2 2 2 o f  p b y  x 1 + Xg and x,- + 5Xg, i t  f o l l o w s  t h a t  any
s o l u t i o n  o f  ( 1 . 6 . 1 )  i s  t h e  u n iq u e  s o l u t i o n .  Hence we o n ly
n e e d  t o  know t h a t  we have  (1) e v e r y  p a r a m e t r i c  s o l u t i o n  o f
( 1 . 7 - 4 ) ,  p l u s  (2) e x p r e s s i o n s  f o r  x^  and Xg i n  t e rm s  o f
t h e s e  p a r a m e t e r s  w hich  make ( I . 7 . I 5 ) an. i d e n t i t y ,  i n  o r d e r
t o  f i n d  a c o m p le te  p a r a m e t r i c  s o l u t i o n  o f  (1 . 6 . 1 ) when
x 1-,x 4 jX 5 a r e  and x 2 , x 3 , x 6 a r e  e v e n .  As shown, above ,  we
know t h e s e  f a c t s :  t h e  p o i n t  t o  n o t i c e  i s  t h a t  we do n o t  need
2 2 2 2 
t h e  n o rm -fo rm  SQ + s q + 5 S2 + - s 3 ’to  "be -*-n a Senus one
c l a s s .  We can p a s s  o v e r  t h i s  o b s t a c l e ,  s i n c e  we a r e  o n ly  
i n t e r e s t e d  in  r e p r e s e n t i n g  p r i m e s .
Now we examine t h e  e x p r e s s i o n s  f o r  x^ _ and Xg in  
b o t h  ( 1 .7 . 5 ) and ( 1 . 7 . 1 4 ) ;  t h e  l a t t e r  e x p r e s s i o n s  a r e  made 
t o  c o r r e s p o n d  t o  t h e  f o r m e r  b y  t a k i n g  Uq = t g ,  u-  ^ = tg* 
u 2 = “ ^ l J anc* u3 = ^3 ( a t r a n s f o r m a t i o n  o f  d e t e r m i n a n t  1 ) .  
A p p ly in g  t h e s e  t r a n s f o r m a t i o n s  t o  t h e  r e s t  o f  ( 1 . 7 . 1 4 )  y i e l d s  
t h e  e x p r e s s i o n s  f o r  x 1 , X g ,x 3 ,x ^ x ^  and xg g iv e n  by  (1 . 7 . 2 ) ;  
t h e s e  e x p r e s s i o n s  make ( I . 7 . I 5 ) an i d e n t i t y ,  in. t h e  c a s e  
t h a t  x-^,x^ and Xg a r e  odd ,  and x 2 , x 3 and x^  a r e  ev en .
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By a r e p e t i t i o n  o f  t h e  a rgum ent  i n  t h e  p a r a g r a p h
p r e c e d i n g  t h e  l a s t ,  we deduce  t h a t  t h e  e x p r e s s i o n s  i n  (1 .7 * 2 )
y i e l d  a l l  s o l u t i o n s ,  e x c e p t  f o r  ch an g es  i n  t h e  s ig n  o f
and xj^t o f  ( 1 . 6 . 1 ) ,  i n  t h e  c a s e  where x-^, x^ and Xg a r e
odd,  x 2 , Xo, and x,- a r e  e v e n ,  and p i s  a p r im e  r e p r e s e n t -
2 2 2 2 ed b y  b o t h  x-  ^ + x 2 and x ^  + 5 * g .
T h is  f i n i s h e s  t h e  p r o c e d u r e  f o r  o b t a i n i n g  a l l
i n t e g r a l  p a r a m e t r i c  s o l u t i o n s  o f  ( 1 . 6 . 1 ) ,  i n  t h e  c a s e s  c i t e d  
ab o v e ,  and c o m p le t e s  t h e  p r o o f  o f  Theorem 1 .7*
Q.E .D .
In  t h e  s t a t e m e n t  and p r o o f  o f  t h e  f o l l o w i n g
r e p r e s e n t a t i o n  th e o re m ,  t h e  l e t t e r s  x^ t h r o u g h  Xg r e f e r
t o  t h e  e x p r e s s i o n s  i n  ( 1 . 6 . 1 ) .
THEOREM 1 .1 0 .  L e t  ( p | 5) = 1, p s  1 (mod 4 ) ,  and 
f ^  = [ l , 0 , - 5 p ] .  Then:
p p
(a)  I f  p = Xp. + 5xg, w i t h  x^  e v e n ,  t h e n  f 1 n e v e r
r e p r e s e n t s  - 1 ;  i t  r e p r e s e n t s  5 o r  - 5 ,  a c c o r d i n g  a s  (p |  5 )^  = 1
o r  - 1 .
p p
(b) I f  p = a + 25b , w i t h  a e v e n ,  t h e n  f 1 n e v e r
r e p r e s e n t s  - 5 ; i t  r e p r e s e n t s  5 o r  - 1 ,  a c c o r d i n g  a s  (p |  5 )^  = 1
o r  - 1 .
(c)  I f  (p 15 )i(. = - I*  t h e n  f ^  n e v e r  r e p r e s e n t s  55 i t
2 2r e p r e s e n t s  - 1  o r  - 5  a c c o r d i n g  a s  p = x,- + 5xg w i t h  x^  odd,
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2 2o r  p = x,- + 5xg w i t h  x ^  e v e n .
(d) I f  ( p | 5 ) ^  = 1) t h e n  f^_ r e p r e s e n t s  5 i f  p = x | + 5 x |  
w i th  x^  ev e n ;  o t h e r w i s e ,  any  o f  t h e  p o s s i b i l i t i e s  t h a t  f ^  
r e p r e s e n t s  - 1 ,  5, o r  - 5  can o c c u r .
NOTE. I t  i s  c l e a r  t h a t  ( p | 5 ) ^  = 1 o r  - 1  i m p l i e s  t h a t  
p 5 1 o r  9 (mod 2 0 ) ,  r e s p e c t i v e l y ;  t h e  r e a s o n  t h a t  t h e
L egendre  symbols  a r e  u s e d  i s  t h i s :  I n  l a t e r  th e o re m s  in
which  5 i s  r e p l a c e d  b y  a l a r g e r  p r im e ,  i t  i s  much more 
e l e g a n t  t o  say  t h a t ,  f o r  i n s t a n c e ,  ( p | 2 9 )^ = 1,  t h a n  t o  say  
t h a t  p s 1 , 7 , 1 6 , 2 0 , 2 3 ,  24 o r  25 (mod 2 9 ) .  In  s h o r t ,  i t  
g e n e r a l i z e s  more e a s i l y .
P ro o f  o f  Theorem 1 .1 0  i s  b a s e d  on t h e  f o l l o w i n g
lemmas:
LEMMA 1 . 1 1 .  (a )  I f  x ^  i s  ev en ,  then, (x^  ^ + x^ |  5) = 0 o r  1, 
and (x2 + x ^ | 5 )  = 0 o r  - 1 .  (b) I f  x^  i s  odd ,  t h e n  
(x1 + x^J 5 ) = 0 o r  - 1 , and (xg + x^ |  5 ) = 0 o r  1 .
PROOF. (a)  I f  X , -  i s  ev e n ,  we r e f e r  t o  t h e  e x p r e s s i o n s
i n  ( 1 . 7 . 2 ) .  Then x-  ^ + x ^  = t ^  + t ^  -  t ^  -  t ^  + 4  ( t Qt 3 + t-^ tg)
+ 2 ( t 0t i  -  t 2t 3 ) + 4 ( t 6 t 2 + t xt 3 )
+ ( tQ + t - ^ )  + 4  ( t Q + t-J )^ ( t g  + 1 3 ) -  ( t g + t 3 )
= (tQ + 1 - )^ ^ + 4 ( t Q + t-j^) ( t g  + 1 3 ) + 4 ( t g  + 1 3 )^(mod 5 )
s  ( t Q + t 1 + 2 ( t g  + t 3 ) ) 2 (mod 5 ) .  Hence ( x ^ x ^ l  5)=0 o r  1
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A ls o ,  x 2 + = 2 ( - t Qt 3 +t-Lt 2 + 2 ( t 2+ t 2- t 2- t 2 ) + 2 ( t Qt
+ ^ ( t 0 t 2+ t 1 t 3 ) = 2 ( ( t Q+ t 2 ) 2 -  ( t ]_ - t 3 ) 2 + ( t 0 + t 2 ) ( t 1- t 3 ))
s  2 ( ( t Q+ t 2 ) -  2 ( t ^ - t 3 ) ) 2 (mod 5 ) .  Hence
( x 2 + x 5 | 5 )  = 0 o r  ( 2 | 5 ) = 0  o r  - 1 .
(b) I f  x ^  i s  o d d ,  we r e f e r  t o  t h e  e x p r e s s i o n s  in
( 1 . 7 . 1 ) .  Then x^ + x^ = t 2 + t 2 -  t 2 -  t 2
= 2(t2 - t | - 4tot 2) * 2(to - 2t2)2(mod 5).
Hence (x^ + x 3 |5 )  = 0  o r  ( 2 15 ) = 0  o r  - 1 .  A lso ,  
x 2 + * 5 = t 0 + t 3 - t - ^ - t  2 + 4  (" ^ 'o^ 2’"^ 1^ 3^ ’*"2 ^ " '^ o ^ 3 ^ 1 ^ 2 ^
+ M V i  + t 2t 3^ = (t o “ t 3 ) 2 " (t i - t 2 ) 2+4 ( t o " t 3) (t l " t 2 )
= ( ( t Q- t 3 ) + 2 ( t 1- t 2 ) ) 2 (mod 5 ) .  Hence ( x 2+ x3 | 5 ) = 0  o r  1 .
Q .E.D.
LEMMA 1 . 1 2 .  (a)  L e t  ( p | 5 ) ^  = ! •  Then x^ i s  even i f  and 
o n l y  i f  5 d i v i d e s  x ^ . (b)  L e t  (p 1 5 ) 24. = “ 1* Then x ^  i s  
even i f  and o n ly  i f  5 d i v i d e s  x 2 .
PROOF. We f i r s t  make t h e  f o l l o w i n g  o b s e r v a t i o n s :  i f
(p 1 5) = 1 j t h e n  p i s  r e p r e s e n t e d  by  a fo rm  i n  t h e
2 2p r i n c i p a l  genus  o f  d e t e r m i n a n t  5 , i . e .  by  x^  + 5*5  ; a l s o ,
1 2 2i f  (p |  5 ) = 1 , and p ='X^ + x 2 w i t h  x^ odd ,  x 2 even ,  . t h e n
e i t h e r  x^ o r  x 2 i s  d i v i s i b l e  by  5* F o r ,  i f
2 2p = x-l + x 2 a 1 o r  9 (mod 2 0 ) ,  t h e n  p a l  i m p l i e s  e i t h e r
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X1 s x 2 s o r  X1 5 l j  x 2 5 0 (mod 20 ^  and P H 9 i m p l i e s  
e i t h e r  x 2 = 5 j x 2 3 4 ,  o r  x 2 = 9j x 2 = 0 (mod 2 0 ) .
(a)  L e t  (p15 )24. = ! •  x 5 i s  ev e n ,  t h e n
(x 2 + x ^ | 5 )  = 0 o r  - 1 .  I f  X]_ ^  0 (mod 5 ) ,  t h e n  x 2 = 0(mod5),  
so t h a t  ( x ^ |5 )  = 0 o r  - 1 .  S in c e  ( x , - , 5 ) = l ,  ( x ^ j5 )  = - I*
Hence p 3 x 2 (mod 5 ) and (x 2 | 5 ) ^ '  = - 1  im p ly  (p|5)ij . = -1* a 
c o n t r a d i c t i o n .  Hence x-  ^ = 0 (mod 5 ) .  C o n v e r s e ly ,  i f  
Xj = 0 (mod 5 ) ,  t h e n  (x^ _ + x , - | 5 ) = (x^ |  5 ) .  I f  x^  were 
odd, t h e n  ( a s  (x,_, 5 ) = 1 ) we would have  (p 15 )i  ^ = - 1 j which 
would c o n t r a d i c t  (p15 )i|_== i* a s  "be fo re .  Hence x,- i s  e v e n .
(b) Suppose (p |5 )^ .  = ~ 1 j and x,- i s  e v e n .  I f
x 2 ^  0 (mod 5 ) ,  t h e n  x 1  s  0 (mod 5 )5  h en ce  (x^ |  5 ) = ( x 1+x^| 5)=1
( s i n c e  (x,_, 5 ) = 1 ) .  T h i s  i m p l i e s  t h a t  (p|5)i). = 1* a
c o n t r a d i c t i o n ,  so t h a t  x 2  s  0 (mod 5 ) .  C o n v e r s e ly ,  i f  
x 2 3 0 (mod 5 ) ,  t h e n  (x 2  + x ^ | 5 ) = ( x ^ | 5 )* i f  x ^  were odd, 
t h e n  (Xj-,5 ) = 1 i m p l i e s  ( x ^ | 5 ) = 1 * s ° t h a t ,  a s  above ,
(pI 5 )ij. = 1 j a c o n t r a d i c t i o n .  Hence x,_ i s  e v e n .
Q.E ,D.
LEMMA 1 . 1 3 .  I f  e i t h e r  (a )  ( p | 5 ) i |  = 1 and x^  s  0(mod 5 ) ,  o r
(b) ( p | 5 )^ = - 1  and x 2  s  0 (mod 5 ) ,  t h e n  (x1 + 2x 2 | 5 ) = - 1 ,
f o r  e i t h e r  c h o i c e  o f  s i g n .
PROOF. Suppose ( p | 5 ) ^  = 1 and x i  s  0  (mod 5)* Then 
p = x 2 + x 2 s  5 + x 2 3 1 (mod 2 0 ) i m p l i e s  x 2 3 16  (mod 2 0 ) ,  
x 2 s  + 4 (mod 1 0 ) .  Hence (x1 + 2x2 | 5 ) = ( 5 + 8| 5 ) = (+31 5) = - 1 .
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On t h e  o t h e r  h an d ,  i f  ( p | 5 ) ^  = - 1  and x 2 s  0 (mod 5 ) ,  t h e n
p = x 2 4- Xg s  x 2 s  9  (mod 2 0 ) i m p l i e s  = + 3 (mod 1 0 ) .
Hence (x1 + 2X g |5)  = (+ 3 15) = - 1 .
Q.E.D.
LEMMA 1 . 1 4 .  I f  ( p ) 5 ) ^  = - 1 ,  t h e n  ( x ^ ^ )  = ! •  Hence i f  
( p | 5 )^ = - 1 , t h e n  f ^  does  n o t  r e p r e s e n t  5 .
PROOF. I f  ( p | 5 ) j |  = - l j  and p = - x 2 + 5x2 s  - x 2 (mod 5 ) ,
t h e n  - 1  = (p |  5 ) 4  = 15 ) 4  = ( ^ | | 5 ) 4  = (2x3 | 5 )
= ( 2 ) 5 ) (x^ |  5) = - ( x 3 | 5 ) .  Hence (x3 | 5 )  = 1 .  T h i s  does  n o t  
s a t i s f y  t h e  c o n d i t i o n s  (h)  i n  Theorem 1 . 6  f o r  f-^ t o  
r e p r e s e n t  5 , and t h e  c o n c l u s i o n  f o l l o w s .
Q.E.D.
PROOF OF THEOREM 1 . 1 0 .
(a)  L e t  p = x 2 + 5Xg , w i t h  x,_ e v e n .  I f  (p |  5)ij. = 1* 
t h e n  x-  ^ s  0 (mod 5 ) ,  and i f  ( p ^ ) ^ )  = - I*  t h e n  Xg 2 0 (mod 5 ) 
(hy Lemma 1 . 1 2 ) .  By Lemma 1.13* = t h i s
v i o l a t e s  c o n d i t i o n s  (a )  i n  Theorem 1 . 6  f o r  f ^  t o  
r e p r e s e n t  - 1 .  By Lemma 1 . 1 4 ,  i f  (p 15 )^ p = “ 1* n e v e r
r e p r e s e n t s  5 ; h e n c e ,  f ^  r e p r e s e n t s  - 5 . S in c e  x ^  i s  
ev e n ,  t h i s  v i o l a t e s  c o n d i t i o n s  (c )  i n  Theorem 1 .6  f o r  f ^  
t o  r e p r e s e n t  - 5  i f  ( p | 5 )2j. = 1* Hence,  f ^  r e p r e s e n t s  5 i f  
( p | 5 ) 4  = 1 * and - 5  i f  ( p | 5 ) 4  = - ! •
(h) I f  p = a 2  + 25b 2 , w i t h  a e v e n ,  t h e n  p = x 2 + x | ,
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w i t h  x-j_ s  0 (mod 5 ) .  I f  ( p | 5 ) ^  = 1* then, x^  i s  ev en
(by Lemma 1 . 1 2 ) ,  so f ^  does  n o t  r e p r e s e n t  - 5 . ( p a r t  ( a ) ) .
I f  (p|5)ij . = - 1 j  t h e n  x ^ i s  odd (Lemma 1 . 1 2 ) ,  so f-j_ does
n o t  r e p r e s e n t  - 5  (Theorem 1 .6  (c )  i s  v i o l a t e d ) .  I f  p |  5 )^ = 1 ,
t h e n  b y  Lemma 1 . 2 3 ,  (x^ + 2 x ^ \ 5) = - 1 ,  so  t h a t  f ^  does  n o t  
r e p r e s e n t  - 1 .  Hence (p 15 )ij. = 1 i m p l i e s  f 1 r e p r e s e n t s  5;
= - 1 , t h e n  f ^  r e p r e s e n t s  - 1 , s i n c e  f ^  n e v e r  
r e p r e s e n t s  5 (Lemma 1 . 1 4 ) .  T h i s  p r o v e s  ( b ) .
(c )  I f  (p15 )i|. = t h e n  n e v e r  r e p r e s e n t s  5 (by
Lemma 1 . 1 4 ) .  I f  Xg s  0 (mod 5 ) ( e q u i v a l e n t l y ,  i f  x ^  i s  
e v e n ) ,  t h e n  f ^  r e p r e s e n t s  - 5  ( p a r t  a )  a b o v e ) .  I f
x^  = 0 (mod 5 ) ( e q u i v a l e n t l y ,  i f  x^  i s  odd) then, f-^ 
r e p r e s e n t s  - 1  ( p a r t  (b)  a b o v e ) .
(d) I f  ( p | 5 ) 4  = 1 and i s  e v e n ,  t h e n  f ^
r e p r e s e n t s  5 (by (a )  a b o v e ) ;  i f  x^  i s  odd ,  t h e  f o l l o w i n g
a r e  exam ples  o f  f ^  r e p r e s e n t i n g  e a c h  o f  - 1 ,  5 j "5
( d e t e r m i n e d  by  com put ing  t h e  chain ,  o f  r e d u c e d  fo rm s  i n  t h e  
c l a s s  o f  f i ) :  P = 101, f ^  r e p r e s e n t s  5 ;  i f  p = 181,
f-^ r e p r e s e n t s  - 5 ;  i f  p = 4 6 l ,  f ^  r e p r e s e n t s  - 1  ( n o te  t h a t  
101 = 9 2 + 5*22 , 181 = l 2 + 5 - 6 2 , and 4 6 1  = 212 + 5 - 2 2 ) .
Q.E.D.
CHAPTER I I
In  t h i s  c h a p t e r ,  we g e n e r a l i z e  s e v e r a l  th e o re m s  from  
C h a p te r  I .  We g e n e r a l i z e  Theorem 1 . 6 ,  p r o v i n g  s e v e r a l  
th e o re m s  d e a l i n g  w i th  n e c e s s a r y  c o n d i t i o n s  t h a t  t h e  form  
f ^  = [ 1 , 0 , - p q ]  r e p r e s e n t  - 1 , q,  o r  - q  ( i n  t h e  d i s c u s s i o n ,  
p and q d e n o te  p r im e s  o f  t h e  form  4n + 1  f o r  which  
(PI Q.) = 1) • We g e n e r a l i z e  Theorem 1.7* r e p l a c i n g  5 by  an 
a r b i t r a r y  p r im e  q, and e x p r e s s  t h e  s o l u t i o n s  o f  t h e  r e s u l t i n g  
sy s te m s  o f  D io p h a n t i n e  e q u a t i o n s  by  means o f  i n d e p e n d e n t  
i n t e g r a l  p a r a m e t e r s .  F i n a l l y ,  we p ro v e  a r e p r e s e n t a t i o n ,  
th e o re m  which  r e s e m b le s  Theorem 1 .1 0 ,  i n  t h e  c a s e  q = 13 .
THEOREM 2 . 1 .  L e t  q = a 2 + b ^ ,  w i t h  a odd,  b e v e n .  I f
f ^  r e p r e s e n t s  - 1 , t h e n  t h e r e  e x i s t  i n t e g e r s  x^  odd, x 2 even
2 2su ch  t h a t  p = x-  ^ + x 2 and such  t h a t  e i t h e r
(a )  (ax-j^+bXglq) = 1 and (bx-j_-ax2 | q )  = ( 2 | q ) ,  o r
(b)  (ax-^ -  b x 2 | q) = 1 and (bx-j  ^+ a x g lq )  = ( 2 | q ) .
PROOF. I f  t h e r e  e x i s t  i n t e g e r s  u , v  (we may assume v > 0)
P Psu ch  t h a t  u  -  pqv  = - 1 , then, t h e  fo rm  g = [ p q v , 2u , v ]  h a s  
d e t e r m i n a n t  1 .  S in c e  v > 0 ,  g ~  [ 1 , 0 , 1 ] .  We t h e n  have  t h e  
f o l l o w i n g  C a n to r  d ia g ram
[ 1 , 0 , 1 ] J L _ >  [qpv ,  2u , v ]  = g 
h = [ z 1 , 2z 2 , z ]  <——  [ 1 , 0 , - q p ]  = f ]_
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By P r o p o s i t i o n  1 . 5 ,  z^ + z = 0 ;  hence  z = - z a n d  t h e r e  i s
a fo rm  h = [ z^ ,  2 z 2 , - z - j J  in. t h e  c l a s s  o f  f ^  . Comparing
2 2d e t e r m i n a n t s ,  we have  qp = z ^ + z 2 ; h  i s  p r i m i t i v e ,  so z^
i s  odd and z 2 i s  e v e n .  Now p i s  a p r im e  = 1 (mod 4 ) ,  so
2 ?t h e r e  e x i s t  i n t e g e r s  odd, x 2 even su ch  t h a t  p = x £  + x 2 , 
t h e  x^ b e i n g  u n iq u e  up t o  c h o i c e  o f  s i g n .  Hence 
qp = ( a 2 + b 2 ) (x 2 + x 2 ) = z 2 + z 2 ( in  t h a t  o r d e r ) ;  h  i s  in  
t h e  genus  o f  f ^ ,  and p r i m i t i v e l y  r e p r e s e n t s  z-  ^ and  2 z 2, so 
(z l l q )  = (S Z g N )  = 1 * Hence, e i t h e r  (ax -^+bX glq )  =
( 2 (bx1 -  a x 2 ) | q) = 1 , o r  (ax-j  ^ -  b x 2 | q) = ( 2 (bxx + a x 2 ) | q) = 1 . 
Prom t h i s  f o l l o w s  t h e  d e s i r e d  c o n c l u s i o n .
Q .E . D.
THEOREM 2 . 2 .  Suppose t h e r e  e x i s t  u , v ( v > 0 )  su c h  t h a t  
2 2u  - qpv = q;  t h e n  t h e  form  g = [ q p v , 2u , v ]  h a s  d e t e r m i n a n t
- q  and g . c . d .  2 .  Suppose g ~  [ 2, 2, -  ( q -1 )  ] . I f  e i t h e r
(a )  ( 2 | q )  = 1 , o r  (b) ( 2 | q )  = - 1  and t h e  l e a s t  p o s i t i v e
P Ps o l u t i o n  s^  o f  r  -  qs = 4 i s  odd, t h e n  t h e r e  e x i s t  i n t e g e r s
P Px^ e v e n ,  x^ odd such  t h a t  p = -x ^  + qx^ and ( x ^ |q )  = ( 2 | q ) .
PROOF. To se e  t h a t  t h e  form g = [ q p v , 2 u , v ]  h a s  g . c . d .  2,
P P P Po b s e r v e  t h a t  1 = q = u - p q v  s  u -  v (mod 4 ) ;  h e n c e  u
m ust  be  odd and v must be e v e n . I f  g . i s  e q u i v a l e n t  t o
[ 2, 2 , - -tj (q-1)] , t h e n  we fo rm  t h e  f o l l o w i n g  C a n to r  d ia g ra m :
[ 2 , 2 , -  -tj ( q - 1 ) ] ■*-£-> [q p v ,  2 u , v ]  
h = [ x , 2y , c ] —  [ 1 , 0 , -q p ]
By P r o p o s i t i o n  1 . 5 ,  2x 4- 2y -  - i ( q - l ) c  = 0 ,  so t h a t
x = ^ ( q - l ) c  -  y  ( r e c a l l  t h a t  q s  l(mod 4)  i m p l i e s  t h a t
*1
^-(q -1 )  i s  an i n t e g e r )  . Hence t h e r e  i s  a form 
h = [ ^ ( q - l ) c - y , 2y, c]  ~  f-^; com par ing  d e t e r m i n a n t s ,  we f i n d
o 1 2t h a t  qp = y  + cy  -  •Zj - ( q - l ) c  . T h e re  a r e  two c a s e s  t o  c o n s i d e r :
(a )  ( 2 |q )  = 1 .  Then q s  l(mod 8 ) ,  so t h a t  ^ ( q - 1 )
i s  e v e n ,  and h en ce  y i s  odd ( i f  n o t ,  p q  would be e v e n ) ;
we a l s o  d educe  t h a t  c i s  e v e n .  W r i t i n g  c = 2x^, we o b ta in .
qp = y 2 + 2x^y -  ( q - l ) x 2 = ( y + x 3 ) 2 - q x 2 . Hence y + x 3 = qx^,
P P P Pand we o b t a i n  p = - x ^  + qx^ s - x ^ + x ^ m o d  4 ) ;  t h i s  i m p l i e s
2 2 Xt h a t  X3 + P  = x 3 + 1 s  x Tf (mod 4 ) ,  so x^ i s  even and x^
i s  od d .  F i n a l l y ,  s i n c e  h i s  i n  t h e  genus  o f  f 1 , we
o b t a i n  1 = ( c | q )  = ( 2x ^ | q ) ;  h e n c e  ( x ^ |q )  = ( 2 | q ) .
(b)  ( 2 | q )  = - 1 , and t h e  l e a s t  p o s i t i v e  s o l u t i o n  s^
2 2 2 2 o f  r  -  qs  = 4  i s  odd .  F o r  some r -^  we have r 1 ~ q s ^ = 4 ;
t h e r e  a r e  two s u b c a s e s  t o  c o n s i d e r :
(1) c i s  e v e n .  Then we w r i t e  c = 2x^, and
p r o c e e d  a s  i n  Case ( a ) .
(2)  c i s  odd .  Now e v e r y  au tom orph  o f  t h e  fo rm
[ 1 , 1 , ( l - q / 4 ]  l o o k s  l i k e
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( s e e  [ 5 , p .  2 5 ] ) ,  where  r  -  qs = 4 5 f u r t h e r m o r e ,  e x a c t l y  
one o f  (r^  ^ + s 1 ) / 2 , (r-j_ -  s 1 ) / 2  i s  odd .  We may assume, w i t h o u t  
l o s s ,  t h a t  (r-L + s 1 ) / 2  i s  odd .
2 2 I f  in  t h e  e q u a t i o n  qp = y + cy  -  ( q - l ) c  / 4 ,  y i s
odd, t h e n  we may r e p l a c e  y  by ( r ]_- s q )y / 2  + ( q - 1 ) s ]_c/ ^  = Y]_
and c by  s-^y + ( r ^  + s-L) c / 2  = c-^. T h i s  y i e l d s  t h e  e q u a t i o n
p p
QP = y x + c ^ i  -  ( q - l ) c . j / 4 ,  l n which  c-  ^ i s  ev en ;  we then, 
p r o c e e d  a s  i n  s u b c a s e  ( 1 ) .  I f  y i s  even ,  then, we may 
r e p l a c e  y b y  (r.-L + s 1 )y / 2  + ( q - l ) s 1 c / 4  = y-  ^ and c by
s-j_y + (r-j_ -  s 1 ) c / 2  = c-^; t h i s  y i e l d s  t h e  e q u a t i o n
2 2qp =  y]_+ c iy]_ -  ( q - l ) c ]_/^ W i t h  C 1  ev en ,  and we may p r o c e e d
as  in  su b c a s e  ( 1 ) .  In  e i t h e r  s u b c a s e ,  we deduce t h a t  
2 2p = -x ^  + qx^, where x^ i s  even ,  x^ i s  odd, and 
(x3 |q )  = ( 2 | q ) .
Q.E.D.
REMARK. The h y p o t h e s e s  f o r  t h e  p r e c e d i n g  th e o re m  a r e  n o t  
as  s t r o n g  as  t h e y  a p p e a r .  F o r  i n s t a n c e ,  t h e  p r i m e s s 1 (mod4)  
l e s s  t h a n  100  s a t i s f y i n g  t h e s e  h y p o t h e s e s  i n c l u d e  5 , 1 3 *1 7 * 
2 9 * 4 1 , 5 3 , 6 1 , 7 3 , 8 9 ,  and 9 7 ; o n l y  37 i s  e x c l u d e d .
COROLLARY 2 . 2 . 1 .  I f  p and q s a t i s f y  t h e  h y p o th e s e s  o f  
Theorem 2 . 2 ,  t h e n  ( p | q ) j |  = 1* Hence i f  t h e r e  i s  o n ly  one 
c l a s s  o f  fo rm s  o f  d e t e r m i n a n t  q and g . d . d . 2  , and i f  e i t h e r
(a) ( 2 | q )  = 1 , o r  (b)  ( 2 | q )  = - 1  and t h e  l e a s t  p o s i t i v e
s o l u t i o n  s 1 o f  r 2 -  q s 2 = 4 i s  odd,  then. ( p | q ) ^  = - 1
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i m p l i e s  t h a t  f  does  n o t  r e p r e s e n t  q .
PROOF. I f  p and q s a t i s f y  t h e  h y p o t h e s e s  o f  Theorem 2 . 2 ,
2 2t h e n  t h e r e  e x i s t  such  t h a t  p = -x ^  + qx^ ,  and
(x3 | q )  = ( 2 | q ) .  Hence p s  - x ^  (mod q) i m p l i e s  t h a t
(P k ) l j .  = (- x 3 1 q ) 4 = ( - 1 k ) 4 (x3 | q )4  = ( - l l q ) ^  (x3 | q )  = ( - l | q ^ ( 2 | q ) .  
Now, f o r  q s  l (m od  4 ) ,  (-l | 'q)2j. = 1 o r  - 1  a c c o r d i n g  a s  
q s  1 o r  5(mod 8 ) .  Hence,  i f  q s  l (m od 4 ) ,  t h e n  
(“ l k )4  = ( 2 | q ) , so t h a t  (p |q)i | .  = ! •
The se c o n d  s t a t e m e n t  i s  s im p ly  a c o n t r a p o s i t i v e  o f  t h e  
f i r s t  s t a t e m e n t .
Q.E,D.
2 PTHEOREM 2.3*  Suppose  u -  qpv = - q ,  where v > 0 .  L e t
g = [ q p v , 2u , v ] ,  g 1 = [ 1 , 0 , q ] , and g 2 = [ 2 , 2 , ( q + l ) / 2 ] .
T h e n :
(a)  I f  g~g-]_j t h e n  t h e r e  e x i s t  x^  odd, xg even
such  t h a t  p = x ^  + qxg, ( x ^ |q )  = 1 , and (p k ) i j .  =
(b) I f  g ~ g 2 * t h e n  t h e r e  e x i s t  x^  even ,  xg odd
such  t h a t  p = x ^  + qxg , (x^l q) = ( 2 | q ) , and (p| q )^  = ( 2 | q) .
PROOF. (a )  I f  g~ g ]_ j  t h e n  we fo rm  t h e  f o l l o w i n g  C a n to r  
d iag ra m :
[ 1 ,0., qj —— > [ qpv, 2u ,  v]
[ a , 2b , x 5 ] < - ! l  [ 1 , 0 , -qp]
4o
By P r o p o s i t i o n  1 . 5 ,  a + qx^ = 0,  so a = - q x ^ ,  and t h e r e  i s
a fo rm  h = [ - q x ^ , 2 b , x ^ ]  in. t h e  c l a s s  o f  - f ^  Comparing
2 2d e t e r m i n a n t s ,  we f i n d  t h a t  qp = b + qx,_; s i n c e  h i s
p r i m i t i v e ,  x^ i s  odd ,  so  b i s  e v e n .  S in c e  q j b ,  we w r i t e
2 2b = qxg, and p = x ^  + qxg ,  where x^  i s  odd and Xg i s
e v e n .  S in c e  h i s  i n  t h e  genus  o f  f ^ ,  ( x ^ |q )  = 1 .  Hence
2 2 (Xj-|q)^ = 1 , and we d e d u c e ,  f rom  t h e  c o n g ru e n c e  p sx ,_ (m o d  q ) ,
t h a t  ( p | q ) ^  = 1 .
(b) I f  we fo rm  t h e  f o l l o w i n g  C a n to r  d iag ram :
[ 2 , 2 , ( q + l ) / 2 ] - ^ — >[ qpv, 2u ,  v]
[ a , 2b , c ] < ^ L — [ 1 , 0 , - q p ]
By P r o p o s i t i o n  1 . 5 ,  2a + 2b + ( q + l ) c / 2  = 0 .  S in ce  qs=l(mod 4), 
( q + l ) / 2  i s  odd;  h en c e  c i s  e v e n .  W r i t i n g  c = 2Xj_, we 
o b t a i n  a = -  b -  ( q + l ) x ^ / 2  , and t h e r e  i s  a form
h = [ - b -  ( q + l ) x , - / 2 ,  2 b ,2 x ^ ]  i n  t h e  c l a s s  o f  f ^ .  Comparing
2 2 d e t e r m i n a n t s ,  we have  qp = b + 2bx,~ + (q+l)x,_ (hence  b i s
odd, so x,- i s  e v e n  r e c a l l  h i s  p r i m i t i v e ) .  Hence
o
2 2 2 2 p = ( b + x , - )  4- qx^ ;  w r i t i n g  b + x ^  = qxg, we have p = x ^  + qxg,
where x^  i s  even  (and h en c e  xg i s  o d d ) . S in c e  h i s
in  t h e  genus  o f  f-^, we must  have 1 = ( c | q )  = ( 2x ^ | q ) ,  so
t h a t  ( x ^ |q )  = ( 2 | q ) .  F i n a l l y ,  p s  x^(mod q) i m p l i e s  t h a t
( p h )4  = ( ^ I q ) ^  = (x 5 k )  = ( 2 U ) *
Q.E.D.
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We now p ro v e  a g e n e r a l i z a t i o n  o f  Theorem 1.7*
THEOREM 2 . 4 .  L e t  q be  a p r im e  o f  t h e  fo rm  4n + l .  Then 
a l l  s o l u t i o n s  o f  t h e  sy s tem  o f  e q u a t i o n s
( 2 . 4 . 1 )  p = x ^  + x |  = - x |  + qx^ = x |  + q x |
can. be e x p r e s s e d  i n  t h e  fo rm  o f  r e p r e s e n t a t i o n s  o f  t h e  x^ 
by  in d e p e n d e n t  i n t e g e r - v a l u e d  p a r a m e t e r s ,  i n  t h e  c a s e  where 
Xj and x^ a r e  odd, x^ and x^ a r e  ev en ,  x ^  and xg have
o p p o s i t e  p a r i t y ,  and p i s  a p r im e  r e p r e s e n t a b l e  by  t h e
2 2 2 2 fo rm s  x^ 4- Xg and -x. + qxg .
PROOF. F i r s t  we s t u d y  t h e  e q u a t i o n
( 2 . 4 . 2 )  x ^  + Xg = - x ^ + qx^
i n  t h e  c a s e  t h a t  x-  ^ and x^ a r e  odd ,  and Xg and x^ a r e  ev en .
2 2 2 2To do t h i s ,  we s t u d y  t h e  s o l u t i o n s  o f  qx^ = x-^+Xg + x ^ ,  and
o b s e r v e  t h a t  Q = x-^i^ + X gig  + i s  a q u a t e r n i o n  in. t h e
L i p s c h i t z  r i n g  ( s e e  Theorem 1 . 7 )  o f  norm qx^ .  As b e f o r e ,
2 2 2 2s i n c e  t h e  norm fo rm  t £  + t ^  + t g  + t ^  i s  in, a genus  o f  one
c l a s s ,  we may a p p ly  Lemma 1 . 8 ,  and w r i t e  Q = o * t o ,  where 
N(o) = x ^ ,  N ( t )  = q,  and t  i s  p u r e ]  a s  a  f u r t h e r  co nsequence  
o f  Lemma 1 . 8 ,  a and r  a r e  u n iq u e  up t o  u n i t  f a c t o r s .  I f  
we w r i t e  a = t Q + t 1 i 1 + t g i g  + t g i g  and t  = a i ^ + b i g  + c i y
then. Q = x 1 i 1+Xgig+X2 i 2= ( ' to ’’t l i l " ^ 2 i 2" t 3 i 3  ^ ( a i j + b i g + c i ^ )  
( tQ - t- t -^ i^+ tg ig+ t^ ig )  ] e x p a n d in g  and c o l l e c t i n g  c o e f f i c i e n t s
° f  and ^3 y i e l d s
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X1 = a (t o+ t l “ t 2“ t 3 ^+2b t^ ot 3 + t l t 2 )+ 2;c^ t ot 2',' t l t 3  ^
x 2 = 2a ( - t Qt 3+ t 1 t 2 ) + b ( t 2+ t 2- t 2- t 2 ) + 2 c ( t 0 t 1+ t g t 2 )
( 2 . 4 . 3 )
* 3  = 2a ( t Qt 2+t-^ t3 ) + 2b ( - t Qt ^ + t ) + c ( t 2+ t 2- t 2 - t 2 ) 
x4  = N(a)  = t 2+ t 2+ t | + t |
S in c e  q i s  a p r im e  s  l (mod 4 ) ,  we may w r i t e  
2 2q = A + B , where A i s  odd ,  B i s  ev e n ,  and b o t h  a r e  
p o s i t i v e .  We o b s e r v e  t h a t  x 1 = a ,  x 2 = b ,  and x^ s  c(m od2) ;  
h en c e  a i s  odd ,  and b and c a r e  e v e n .  R e p e a t in g  t h e
argum ent  a t  t h i s  s t a g e  o f  t h e  p r o o f  o f  Theorem 1.7* we 
o b s e r v e  t h a t  t h e r e  a r e  e x a c t l y  two c h o i c e s  f o r  t  which 
y i e l d  e s s e n t i a l l y  d i f f e r e n t  p a r a m e t r i c  s o l u t i o n s  o f  ( 2 . 4 . 2 ) ;  
t h e s e  a r e  = Ai-^ + B ig  and t 2  = Ai-j_ + B i^ .  I f  we l e t  
t  = t-j_, we o b t a i n :
x 1 = A ( t 2 + t ^  + t  g + t 2 ) + 2B ( t Qt 3 + t ^ t 2 )
x 2 = 2 A ( - t Qt 3 + t 1 t 2 ) + B ( t 2 + t 2 - t 2 - t 2 )
( 2 . 4 . 4 )
x^ = 2A ( t Qt 2 + t 1 t 3 + 2 B ( - t Qt 1 + t g t ^ )
2 2 2 2 x^ = t Q + t ^  + t g  + t s  (where one o r  t h r e e  o f  t h e
t i  a r e  odd)
I f  w e  l e t  t  = t 2 > we o b t a i n :
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X1 = A(t o + t l _ t 2 " t 2 ) + 2B( - t o t 2 + t l t 3)  
x 2 = 2 A ( - t Qt 3 + t n t g )  + 2 B ( t Qt 1 + t g t ^ )
(2.4.5)
x 3 = 2 A ( t0t g  + t 1 t 3 ) + B ( t ^  + t | )
2 2 2 2 x^ = t Q + t ^  + t 2 + t 3 (when one o r  t h r e e  o f  t h e  t ^
a r e  o d d ) .
By v i r t u e  o f  t h e  u n iq u e  f a c t o r i z a t i o n  p r o p e r t i e s  o f  
t h i s  q u a t e r n i o n  r i n g  g u e a r a n t e e d  b y  Lemma 1 . 8 ,  t h e  
e x p r e s s i o n s  i n  ( 2 . 4 . 4 )  and ( 2 . 4 . 5 )  y i e l d  a l l  s o l u t i o n s  (a s  
b e f o r e ,  e x c e p t  f o r  ch an g es  o f  t h e  s i g n s  o f  x^ and x^)  o f
( 2 . 4 . 2 )  i n  i n d e p e n d e n t  p a r a m e t e r s ,  i n  t h e  c a s e  t h a t  x^ and 
x^ a r e  odd, and x 2 and x^ a r e  e v e n .
To s t u d y  t h e  s o l u t i o n s  o f
( 2 . 4 . 6 )  x ^  + x 2 = x |  + q x |
in  i n t e g r a l  p a r a m e t e r s  i n  t h e  c a s e  t h a t  x^  and Xg a r e  odd,
p
and x 2 and x ^  a r e  even ,  we c o n s i d e r  t h e  e q u a t i o n  qxg = 
2 2 2
”X1 ** x 2  + x 5 3 an(  ^ o b s e rv e  t h a t  t h e  r i g h t - h a n d  s i d e  i s  t h e  
norm o f  Q = x 1 i-L + Xgig + x ^ i ^  i n  t h e  r i n g  o f  q u a t e r n i o n s  wi 
t h e  f o l l o w i n g  m u l t i p l i c a t i o n  d e f i n e d :  i ^ = i 2 = - i 3 = l ;
i t h
i n = - i ni ,  = i 0 .1 3i l i 2 1 2i l  13^ 1 2i 3 i 3 1 2 ”  ^  1 3 I
A ga in ,  a s  i n  t h e  p r o o f  o f  Theorem 1.7* we w i l l  show t h a t  i t
Q O Q Qdo es  n o t  m a t t e r  w h e th e r  t h e  n o rm -fo rm  u  + u ,  -  u ,  -  u „  i s0 5 1 2
i n  a genus  o f  one c l a s s .  F o r  o u r  p u r p o s e s ,  i t  w i l l  s u f f i c e
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t o  c o n s i d e r  s o l u t i o n s  o f  ( 2 . 4 . 6 )  o b t a i n e d  by em p lo y in g  
p r e v i o u s  t e c h n i q u e s ,  i . e .  by  w r i t i n g  Q = cr*ra, where 
N (a)  = Xg and N(t  ) = - q .  Now Q i s  p u r e ,  so r i s  a l s o :  
w r i t i n g  r  = ai-^ + b i g  + c ^3 -» we ^ ave
Q= (u^u-j^ i -L-Ugig-u^ i^)  (ai- j^+big+ci^) (uQ+Ugi-j^+Ugig+u^i^)
= x ^ i ^  + X g i g + x ^ i ^ . E xpand ing  and c o l l e c t i n g  c o e f f i c i e n t s  
o f  anc* we ‘^ ' t a i n ;
2 2 2 2
X1 = a (u 0+u2""u l ’"u 3 ) + 2b (u 0u 3 " u i u 2 ) + 2 c ( - u qu 2+u1u 3 )
2 2 2 2x 2 = 2 a ( - u 0 U 2 ~ u ^ u 2 ) 4-b(uQ +u-j^-Ug-u ,) + 2 c ( u ^ u ^ + u ^ u ^ )
(2.4.7)
x 5 = 2a (“u 0u 2 '“u i u 3 + 2 b (u Qu1 - u 2u3 ) + c tu^+u^+Ug+u^)
2 2 2 2Xg = N(ct) = u q + u^ -  u^ -  Ug (where one o r  t h r e e  o f
t h e  u^ a r e  o d d ) .
We o b s e r v e  t h a t ,  i n  o r d e r  f o r  x 1 t o  be odd, Xg must be 
odd ,  so  t h a t  t h e  r e s t r i c t i o n s  on t h e  u^ a r e  n e c e s s a r y .  
S in c e  x^ s  a ,  Xg s b ,  and x^  = c(mod 2 ) ,  we know t h a t  a
m u s t  be  odd ,  b and c must  be ev e n .  F o r  o u r  p u r p o s e s ,  t h e
c h o i c e s  a = A, b = B, c = 0 (A and B as  above)  w i l l  s u f f i c e ;  
a s  w i l l  be made c l e a r ,  we nee d  make no o t h e r  c h o i c e .  U s in g  
t = Ai^ + ’B ig ,  we o b t a i n :
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( 2 . 4 . 8 )
x 5 = 2A ( - uqu 2 -  Ulu 3 ) + 2B(uQu 1 -  u 2u 3 )
2 2 2 2 
X g =  u Q +  -  u 2  ( w h e r e  o n e  o r  t h r e e  o f
t h e  u^ a r e  odd) .
The e x p r e s s i o n s  in  ( 2 . 4 . 8 )  c o m p r is e  a p a r a m e t r i c  
s o l u t i o n  t o  ( 2 . 4 . 6 ) ,  i n  t h e  c a s e  where x-  ^ and X g  a r e  odd,
x 2 and x,- a r e  ev e n .  As b e f o r e ,  we make no c l a i m s  o f
u n i q u e n e s s  o r  c o m p l e t e n e s s .
To o b ta in ,  s o l u t i o n s  f o r  ( 2 . 4 . 1 ) ,  we f i r s t  examine t h e  
e x p r e s s i o n s  f o r  x^ _ and x 2 i n  b o t h  ( 2 . 4 . 4 )  and ( 2 . 4 . 8 ) .  The 
l a t t e r  e x p r e s s i o n s  can be made t o  c o i n c i d e  w i t h  t h e  fo rm e r  
e x p r e s s i o n s  by  t a k i n g  u Q = t Q, u 1 = t g ,  u 2 = - t ^ ,  u^ = t 3 « 
A p p ly in g  t h i s  u n im o d u la r  t r a n s f o r m a t i o n  t o  t h e  r e s t  o f  ( 2 . 4 . 8 ) ,  
"we o b t a i n  t h e  f o l l o w i n g :
X1 = A(t o + t l  ~ t 2 ~  t 3^ + 2 B (t ot 3 + t l t 2^ 
x 2 = 2 A ( - t Qt 3 + t ^ g )  + B ( t ^  + t 2 -  t j [  -  t ^ )
x^ = 2 A ( t0t g  + t 1t 3 ) + 2 B ( - t Qt 1 + t g t 3 )
( 2 . 4 . 9 )
x4 = + t l  + t 2 + t 3
x 5 = 2A(t 0t l  “ V 3 ) + 2 B ( t o t 2 + t l t 3^
O O O O
Xg = t ^  + t | - t £ - t |  (where one o r  t h r e e  o f  
t h e  t ^  a r e  o d d ) .
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T hese  e x p r e s s i o n s  make t h e  f o l l o w i n g  an i d e n t i t y ,  i n  
t h e  c a s e  t h a t  x - ^ x ^ ,  and Xg a r e  odd, and x 2 , x ^  and x,_ a r e  
e v e n .
( 2 . 4 . 1 0 )  x^  + x |  = - x ^  + qx^ = x ^  + q x |
2 2L e t  p be  a p r im e  r e p r e s e n t a b l e  by  x-^+Xg and by
2 2
X j .  + qxg f o r  which  x^ and X g  a r e  odd, and x 2 and x,. a r e  
e v e n .  E x c e p t  f o r  s i g n  c h a n g e s ,  such  e x p r e s s i o n s  a r e  u n i q u e .  
S in c e  t h e  e x p r e s s i o n s  f o r  x - j ,x 2 , x ^  and x^ i n  ( 2 . 4 . 9 )  y i e l d  
a l l  s o l u t i o n s  o f  ( 2 .4 . 2 ) w i t h  t h e  given, p a r i t y  r e s t r i c t i o n s ,  
and s i n c e  t h e  e x p r e s s i o n s  f o r  x-  ^ t h r o u g h  X g  i n  ( 2 . 4 . 9 )  y i e l d  
an. i d e n t i t y  f o r  ( 2 . 4 . 1 0 ) ,  i t  f o l l o w s  t h a t  i f  p i s  a p r im e  
a s  ab o v e ,  a l l  s o l u t i o n s  o f  ( 2 . 4 . 1 )  i n  t h e  c a s e  x 1 , x ^ , x g  odd, 
x ^ x ^ jX p .  even a r e  given, by  t h e  e x p r e s s i o n s  ( 2 . 4 . 9 ) *  We may 
do t h i s  b e c a u s e  o f  two f a c t s :  t h e  no rm -fo rm  x^ i s  i n  a
genus  o f  one c l a s s ,  and t h e  r e p r e s e n t a t i o n s  o f  a p r im e  by  a 
sum o f  two s q u a r e s  and by  a s q u a re  p l u s  a p r im e  m u l t i p l e  o f  
a s q u a r e  a r e  e s s e n t i a l l y  u n i q u e .  (T h is  i s  a r e p e t i t i o n ,  o f  
t h e  a rgum ent  in  Theorem 1 .7 * )
At t h i s  p o i n t ,  we would l i k e  t o  p r o c e e d  in  t h e  
f o l l o w i n g  m anner .  As i n  Theorem 1.7* s tu d y  t h e  s o l u t i o n s  o f
( 2 . 4 . 1 1 )  - x ^  + qx^ = x ^  + qxg
i n  t h e  c a s e  t h a t  x^ and xg a r e  even ,  and x^ and x,- a r e  odd .  
Then compare t h e  e x p r e s s i o n s  f o r  x^ and x^ in  b o th  such  a
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s e t  o f  e x p r e s s i o n s  and ( 2 . 4 . 5 ) j m a tch  them by a p p l y i n g  a 
u n im o d u l a r  t r a n s f o r m a t i o n  t o  one o f  t h e s e  s e t s  o f  e x p r e s s i o n s ,  
o b t a i n  e x p r e s s i o n s  which  make ( 2 . 4 . 1 0 )  an i d e n t i t y ,  and 
p r o c e e d  a s  a b o v e .  U n f o r t u n a t e l y ,  o b t a i n i n g  e x p r e s s i o n s  f o r  
t h e  s o l u t i o n s  o f  ( 2 . 4 . 1 1 )  would n o t  be  b e n e f i c i a l ,  f o r  we 
c o u l d  n o t  f i n d  t h e  a f o r e m e n t i o n e d  u n im o d u la r  t r a n s f o r m a t i o n ,  
in. g e n e r a l ,  even th o u g h  i t  i s  p o s s i b l e  t o  do t h i s  f o r  any
s p e c i f i c  q . However, we a r e  a b l e  t o  g u e s s  a t  t h e  " r i g h t "
e x p r e s s i o n s  f o r  x^  and Xg, by  exam in ing  s e v e r a l  s p e c i a l  
c a s e s ;  t h e  f o l l o w i n g  make ( 2 . 4 . 1 0 )  an i d e n t i t y ,  i n  t h e  c a s e  
where  x-^,x^ and x^ a r e  odd, and Xg,x^ and Xg a r e  even :
Xx = + + 2 B ( - t 0 t 2 + t 1 t 3 )
x 2 = 2 A ( - t Qt 2 + t - j t g )  + 2 B ( tQt 1 + t g t g )
2 , , 2  . 2 , 2 >
( 2 . 4 . 1 2 )
x 3 = 2A ( t Q t g + t - ^ t ^ ) + B ( t Q + t ^  -  t-^ -  1 2 )
x4 = t o + t l  + t 2 + t 3
X5 = + + 2 B ( . t Qt 2 -  t 1 t 3 )
X g  = 2 ( - t Qt-L + t 2 t 3 ) (where one o r  t h r e e  o f  
t h e  t ^  a r e  o d d ) .
.2 . .2Suppose p i s  a p r im e  r e p r e s e n t a b l e  by  x 1 + x 2 and
2 2x£r + qxg , where x-j_ and x^ a r e  odd, and x 2 and xg a r e  e v e n . 
T h en ,  a s  t h e  e x p r e s s i o n s  f o r  x-^,x2 and x^ i n  ( 2 . 4 . 1 2 )  y i e l d  
e s s e n t i a l l y  a l l  s o l u t i o n s  o f  ( 2 . 4 . 2 ) ,  we deduce (a s  above)  
t h a t  t h e  e x p r e s s i o n s  i n  ( 2 . 4 . 1 2 )  y i e l d  a l l  s o l u t i o n s  o f
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( 2 . 4 . 1 ) ,  i n  t h e  c a s e  t h a t  x-^,x^ and x,- a r e  odd, and x 2 ,x ^  
and Xg a r e  e v e n ,  e x c e p t  p o s s i b l y  f o r  c h a n g in g  t h e  s i g n s  o f  
x^ and x ^ .
T h i s  c o m p le t e s  t h e  p r o o f  o f  Theorem 2 . 4 .
Q .E .D .
As c o r o l l a r i e s  we e s t a b l i s h  some i m p o r t a n t  r e l a t i o n ­
s h i p s  among x ^ , x 2 and x^  (x^jXg and x^  a r e  a s  a b o v e ) .
COROLLARY 2 . 5 .  Suppose p i s  a p r im e  r e p r e s e n t e d  by
2 2 2 2 2 2 
x l + x 2 anc  ^ x 5 + ^x 6 J where q = A + B  i s  as  i n  Theorem
2 . 4 .
(a)  I f  Xj- i s  odd,  t h e n  (x-j_ + x,-1 q) = 0 o r  ( 2 A |q ) .
(b) I f  Xp. i s  ev e n ,  t h e n  (x1 + x ^ | q ) = 0  o r  (A| q) .
PROOF. O bserve  f i r s t  t h a t  A2 = -B 2 (mod q ) .
Assume p i s  a s  ab ove .
(a)  Suppose x,- i s  o d d .  Then ,  a c c o r d i n g  t o  t h e  
r e p r e s e n t a t i o n s  o f  x^  ^ and x,- i n  ( 2 . 4 . 1 2 ) ,  we have
a ( x 1 + x 5 ) = A 2 ( t ^ + t 2 - t | - t | + t ^ + t 2 - t 2 - t | ) + 2 A B ( - t o t 2+ t 1 t 3 - t 0 t 2- t 1^ )
= 2(A2 ( t 2- t 2 ) -2A B tQt 2 ) = 2(A2 t 2-2ABtQt 2+B2t | )  (mod q) 
s  2 (A t0 - B tg )  2 (mod q) . Hence (x-j^+x^jq) = (A2 (x1+x^) | q)
= (2A(AtQ- B t 2 ) 2 | q )  = e i t h e r  0 o r  ( 2 A |q ) .
(b) Suppose x,_ i s  e v e n .  Then ,  a c c o r d i n g  t o  t h e
r e p r e s e n t a t i o n s  o f  x ^  and x^ in  ( 2 . 4 . 9 ) ,  we have
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A (x x + x 5 = A2 ( t 2 + t 2 -  t | -  t 2 ) + 2AB(tQt 3 = t 1 t 2 )
+ 2A2 ( t Qt 1 -  t g t 3 ) + 2AB(t0 t 2  + t 1 t 3 )
= A2 ( t Q + t 1 ) 2 -  A2 ( t 2 + t 3 ) 2 + 2 A B ( tQ + t 1 ) ( t 2 + t 3 )
s  A2 ( t Q+ t 1 ) 2 + 2AB(tQ+ t 1 ) ( t 2+ t 3 ) + B 2 ( t 2+ t 3 ) 2 (mod q)
s  ( A ( t Q + t 1 ) + B ( t 2 + t 3 ) 2 (mod q) . Hence
(x 1 + x 5 | q )  = (A2 (x1+x5 ) | q )  = (A (A (tQ+ t 1 ) + B ( t 2+ t 3 ) ) 2 | q)=  e i t h e r  
0 o r  ( A | q ) .
Q.E .D .
COROLLARY 2 . 6 .  Suppose p i s  a p r im e  r e p r e s e n t e d  by
P ? P 2 2 2x£  + x 2 and by  x,- + qxg, where q = A + B i s  as  m
Theorem 2 . 4 .
(a )  I f  x,- i s  odd,  t h e n  ( x g + x ^ j q )  = 0  o r  (A jq ) .
(h )  I f  x,_ i s  ev en ,  t h e n  ( x g + x ^ j q )  = 0 o r  (B| q) .
p p
PROOF. (a )  Suppose x ^  i s  odd ;  r e c a l l  t h a t  A = -B (mod q ) . 
A c c o rd in g  t o  t h e  r e p r e s e n t a t i o n  o f  Xg and in  ( 2 . 4 . 1 2 ) ,  we
A (x2+x5 ) = 2A2 ( - t ot 3 + t 1 t 2 ) + 2AB(tQt 1+ t 2t 3 ) + A2 ( t 2+ t | - t 2- t ^ )
+ 2A B (- tQt 2- t ^ t 3 )
= A2 ( t Q - t 3 ) -  A ( t - ^ - tg )  + 2AB(tQ- t 3 ) ( t -^ - tg )
s  ( A ( t Q- t 3 ) + B ( t 1 - t g )  ) 2 (mod q) . Hence
(Xg+x^lq) = ( a 2 (x2+x5 ) | q )  + (A (A (t0 - t 3 ) + B ( t 1- t g )  ) 2 | q) = 0 o r  (A|q). .
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(b) Suppose xj- i s  e v e n ;  a c c o r d i n g  t o  t h e  
r e p r e s e n t a t i o n s  o f  x 2  and x^  in  ( 2 . 4 . 9 ) *  we have
B (x 2+x5 ) = 2A B ( - t 0 t g + t 1 t 2 ) + B2 ( t 2+ t 2- t 2- t 2 )
+ 2AB(tQt 1 - t 2 t 3 ) + 2B2 ( t Qt 2+ t 1 t 3 )
= B2 ( t o + t 2 ) 2 - B 2 ( t 1- t 3 ) 2+2AB(to+ t 2 ) ( t 1- t 3 )
s  (B ( tQ + tg )  + A ( t 1- t 3 ) ) 2 (mod q) . Hence
( x 2+x5 | q )  = (B2 (x2+x5 ) | q )  = ( B ( B ( t 0+ t 2 ) + A ( t 1- t 3 ))2 | q ) =  0 o r  (B |q) .
Q. E . D.
LEMMA 2 . 6 . 1 .  I f  q i s  a p r im e  s  l (m od  4 ) ,  and q = A2 + B 2 ,
w i t h  A odd, B e v e n ,  t h e n  (A |q)  = 1 and (B |q )  = ( 2 | q ) .
PROOF. A i s  odd, so  q h B2 (mod A) i m p l i e s  (q |A )  = 1 .  S in ce  
q s  l(mod 4 ) ,  we hav e  (A |q )  = 1.  W r i t i n g  B = 2a * c ,  where 
(2 ,  c ) = 1, we have t h a t  q s  A2 (mod c)  i m p l i e s  ( c | q )  = ( q | c )  = L 
Hence (B| q) = (2a | q ) ( c | q )  = ( 2 | q ) a . Now q s  A2 + 2 2a c 2 
s  l + 4 a (mod 8 ) .  I f  a  i s  o d d ,  t h e n  q s 5 (mod 8 ) i m p l i e s  
( 2 | q )  = - 1  = ( 2 | q ) a  = ( B | q ) ,  and i f  a  i s  ev e n ,  t h e n  
q s  l(mod 8 ) i m p l i e s  1 =  ( 2 | q )  = ( 2 | q ) a  = ( B | q ) .  Hence 
(B| q) = ( 2 1 q ) .
Q .E.D.
As a c o r o l l a r y ,  we have
COROLLARY 2 . 7 .  L e t  p and q be as  i n  C o r o l l a r i e s  2 .5  and
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2 . 6 .
(a)  I f  xp. i s  odd, t h e n  (x-^+x,_| q) = 0 o r  ( 2 | q )  and
(x 2 + X(_ | q) = 0 o r  1 .
(b) I f  x^  i s  ev e n ,  then, ( x - ^ + x ^ lq )  = 0 o r  1 and
(x 2 + x 5 | q )  = 0 o r  ( 2 | q ) .
PROOF. F o l lo w s  from 2 . 5 ,  2 .6  and 2 . 6 . 1 .
Q.E .D .
We now c o n s i d e r  t h e  c a s e  q = 13 .  The n e c e s s a r y
c o n d i t i o n s  t h a t  f ^  = [ l , 0 , - 1 3p]  r e p r e s e n t  - 2  and 13 a r e
e x p r e s s e d  in  Theorems 2 .1  and 2 . 2 ,  r e s p e c t i v e l y .  The l a t t e r
2 2i s  t r u e  b e c a u s e  t h e  l e a s t  p o s i t i v e  s o l u t i o n  o f  X -  13Y = 4
i s  X = 249* Y = 33* S in c e  t h e r e  a r e  two p o s i t i v e  c l a s s e s  o f
d e t e r m i n a n t  1 3 * r e p r e s e n t e d  by  g-  ^ = [ 1 , 0 , 1 3 ] and g 2 = [ 2 , 2 , 7 ] ,
a l l  o f  t h e  n e c e s s a r y  c o n d i t i o n s  t h a t  f ^  r e p r e s e n t  - 1 3  a r e
e x p r e s s e d  i n  Theorem 2 .3* In  t h e  s o l u t i o n s  ( 2 . 4 . 9 )  and
( 2 . 4 . 1 2 )  o f  ( 2 . 4 . 1 ) ,  A = 3 and B = 2; i n  t h e  f o l l o w i n g ,  we
2 2w i l l  w r i t e  g^ t o  mean t h e  fo rm  x,_ + 1 3 xg •
THEOREM 2 . 8 .  Suppose p s  l (m od  4 ) ,  ( p | l 3 )  = 1* and f^  
and g^ a r e  a s  ab ove .  Then:
(a)  I f  g^ r e p r e s e n t s  p w i t h  x ^  ev en ,  th e n  f ^
n e v e r  r e p r e s e n t s  - 1 ; i t  r e p r e s e n t s  13  o r  - 1 3 * a c c o r d i n g  as
( p | 13) = 1 o r  - 1 .
(b) I f  g-  ^ r e p r e s e n t s  p w i t h  x ^  odd, t h e n  f^
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r e p r e s e n t s  - 1  i f  ( p | l 3 )i|. = - 1 ; o t h e r w i s e ,  any o f  t h e  t h r e e  
p o s s i b i l i t i e s  may o c c u r .
(c)  I f  ( p | l 3 ) ^  = - 1 ,  t h e n  f-^ n e v e r  r e p r e s e n t s  13; 
i t  r e p r e s e n t s  - 1  o r  - 1 3 , a c c o r d i n g  a s  g1 r e p r e s e n t s  p 
w i th  x,_ odd o r  w i t h  x,- e v e n .  M oreove r ,  i f  ( p | l 3 )  = -1 ,  then, 
g-  ^ a lw ays  r e p r e s e n t s  p ,  so t h a t ,  a s sum ing  ( p 11 3 ) .^ = 1 * 'the 
above c o n d i t i o n s  f o r  r e p r e s e n t i n g  - 1  o r  - 1 3  a r e  n e c e s s a r y  and 
s u f f i c i e n t .
(d) I f  (p11 3 )2|. = t h e n  f 1 r e p r e s e n t s  13 i f  g-j_ 
r e p r e s e n t s  p w i th  x,- e v e n ;  o t h e r w i s e ,  any o f  t h e  t h r e e  
p o s s i b i l i t i e s  may o c c u r .
The p r o o f  i s  b a s e d  on t h e  f o l l o w i n g  lemmas.
LEMMA 2 . 8 . 1 .  Each c o n d i t i o n  i n  column. A i m p l i e s  t h e  
r e s p e c t i v e  c o n d i t i o n s  i n  co lum ns B and C.
A B C
p mod 13 + x^ mod 13 + x c mod — 5
1 0 , 1 , 7, o r  11 1
3 0 , 5 , 9 , o r  11 4
9 0 , 3 , 5 ,  o r  7 3
4 0 , 1 , 9 , o r  11 2
10 0 , 1 , 3 ,  o r  7 6
12 0 , 3 , 5 ,  o r  9 5
PROOF. S t r a i g h t f o r w a r d  v e r i f i c a t i o n .
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LEMMA 2 . 8 . 2 .  Suppose ( p | l 3 )  = 1 .
(a )  I f  p a l(mod 1 3 ) ,  t h e n  x^  i s  even i f f  + x = 0
o r  1 1 (mod 1 3 ) .
(b)  I f  p a 3(n iod l3 ) ,  t h e n  x^  i s  even  i f f  + x-  ^ a 0
o r  5 (mod 1 3 ) .
(c)  I f  p a 9 (mod 1 3 ) ,  t h e n  x,_ i s  even i f f  + x-  ^ a 0
o r  7 (mod 1 3 ) .
(d) I f  p s  4 (mod 1 3 ) ,  t h e n  x^  i s  ev en  i f f  + x 1 a 1
o r  1 1 (mod 1 3 ) .
(e)  I f  p a 10 (mod 1 3 ) ,  th e n  x,_ i s  even i f f  + x^  a 3
o r  7 (mod 1 3 ) .
( f )  I f  p a 1 2 (mod 1 3 ) ,  t h e n  x ^  i s  even i f f  + x-  ^ a 5
o r  9 (mod 1 3 ) .
PROOF. We w i l l  p ro v e  ( a ) ;  p r o o f s  o f  t h e  r e s t  a r e  s i m i l a r .
(a )  I f  p a  l(mod 1 3 ) ,  i t  i s  s t r a i g h t f o r w a r d  t o  
ch e c k  t h a t  i f  x-  ^ s a t i s f i e s  t h e  c o n d i t i o n  i n  column A, then, 
a l l  o t h e r  c o n d i t i o n s  in  t h e  same row a r e  s a t i s f i e d .
A
(x2+Xpjl3) 
0 o r  - 1  
1 
1 
- 1
x^mod 13 +x,-,mod 13 x-^+x ,-mod 13 Xg+x^mod 13 (x x+x ^13)
0 1 1 0 o r  2 1
1 0 0 o r  2 1 0 o r  - 1
7 11 6 o r  8 10  o r  1 2 - 1
11 7 10  o r  12 6 o r  8 1
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I f  x^  i s  ev en ,  t h e n  by  C o r o l l a r y  2 . 7 ,  (x^+Xp-113) = 0 
o r  1 and ( x 2+ x ^ | l 3 )  = 0 o r  - 1 .  The o n l y  way t h a t  b o t h  o f  
t h e s e  c o n d i t i o n s  may be  s a t i s f i e d  s i m u l t a n e o u s l y  i s  i f  
+ x-  ^ s  0 o r  l l ( m o d  13)* C o n v e r s e ly ,  i f  x,- i s  odd,  t h e n  by 
C o r o l l a r y  2.7* (x1 + x ^ | l 3 )  = 0 o r  - 1  and (x 2+ x ^ | l 3 )  = 0 o r  1; 
t h e  o n l y  way t h a t  b o t h  o f  t h e s e  c o n d i t i o n s  may be s a t i s f i e d  
s i m u l t a n e o u s l y  i s  i f  + x^ = 1 o r  7 (mod 1 3 ) .  S in c e  
+ x-  ^ s  0 , 1 ,7  o r  11  (mod 1 3 ) i f  p s 1 (mod 1 3 ) (by t h e  p r e v i o u s  
lemma),  t h i s  p r o v e s  ( a ) .  P a r t s  (b) t h r o u g h  ( f )  a r e  p ro v e d  
by  e x h i b i t i n g  s i m i l a r  t a b l e s .
Q.E.D.
LEMMA 2 . 8 . 3 .  Suppose g^ r e p r e s e n t s  p w i t h  x^  e v e n .  Then 
(3x-  ^ + 2x 2 | l 3 ) = - 1 * f o r  b o t h  c h o i c e s  o f  s i g n .
PROOF. Suppose g-  ^ r e p r e s e n t s  p w i t h  x,_ e v e n .  I f  
p s  l(mod 13)* t h e n ,  b y  Lemma 2 . 8 . 2 ,  + x -^ sO  o r  11  (mod 1 3 ) ;  
x^  = 0 i m p l i e s  + x 2 = 1 , and 3 * i  ±  2X2 H — 2 (mod 1 3 ) ;
+ x-  ^ = 11  i m p l i e s  + x 2  = 7 , and 3x-^+ 2x 2 s +  6 o r  + 8 (mod 1 3 ) .  
In. e i t h e r  c a s e ,  (3x ^+ 2x 2 1 1 3 ) = - 1  f o r  b o t h  c h o i c e s  o f  s i g n .  
The p r o o f s  f o r  t h e  c a s e s  p s  3 , 4 , 9 , 1 0 , 12(mod 13) a r e  
a n a lo g o u s  and a r e  o m i t t e d .
Q.E.D.
LEMMA 2 . 8 . 4 .  I f  ( p | l 3 )  = 1) t h e n  g.  ^ r e p r e s e n t s  p .
PROOF. I f  ( p | l 3 )  = 1* t h e n  p i s  r e p r e s e n t e d  by  some form
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i n  t h e  p r i n c i p a l  genus  o f  d e t e r m i n a n t  1 3 * which  c o n t a i n s  
o n ly  t h e  c l a s s  c o n t a i n i n g  g-^.
Q . E . D .
PROOF OF THEOREM 2 . 8 .
(a)  Suppose g^ r e p r e s e n t s  p ,  w i t h  x,- e v e n .  By
Lemma 2 .8 .3 *  (3*^ + 2x2 | l 3 )  = -1* f o r  b o t h  c h o i c e s  o f  s i g n ;  
t h i s  i s  c o n t r a r y  t o  t h e  n e c e s s a r y  c o n d i t i o n s  in  Theorem 2 .1 ,  
so t h a t  f ^  does  n o t  r e p r e s e n t  - 1 .  I f  (pi 13 )^  = 1* th e n  
x,_ even i m p l i e s  t h a t  none o f  t h e  c o n d i t i o n s  i n  Theorem 2 .3  
a r e  met ( n e i t h e r  ( p j l 3 ) ^  = 1 and x^  odd, n o r
(p\ 1 3 )2|  = ( 2 ( l 3 )  = - 1  and x^  e v e n ) ;  h en ce  f-^ does  n o t
r e p r e s e n t  - 1 3 -  Hence f-^ r e p r e s e n t s  13 • F i n a l l y ,  i f
( p | l 3 ) ^  = - 1 ,  t h e n  by  C o r o l l a r y  2 . 2 . 1 ,  f 1 d o es  n o t
r e p r e s e n t  1 3 ; hence  f-^ r e p r e s e n t s  - 1 3 *
(b) Suppose g 1 r e p r e s e n t s  p w i t h  x ^  odd .  I f
(pj 13)^  = “ I* t h e n  by  C o r o l l a r y  2 . 2 . 1 ,  f-^ does  n o t
r e p r e s e n t  13• The c o n d i t i o n s  i n  Theorem 2 .3  a r e  n o t  m et ,  so 
t h a t  f-^ does  n o t  r e p r e s e n t  - 1 3 .  Hence f ^  r e p r e s e n t s  - 1 .  
I f  ( p | l 3 ) ^  = 1* t h e n  t h e  f o l l o w i n g  a r e  exam ples  i n  which f
may r e p r e s e n t  -1 ,1 3 *  o r  - 1 3 :  i f  P = 53 = 1 ^ + 1 3 • 22
f 1 r e p r e s e n t s  - 1 3 ; i f  p = 61 = 3 2 + 13*22 , f 1  r e p r e s e n t s  1 3 ; 
i f  p = 937 = 2 7 ^ + 1 3 * ^ *  r e p r e s e n t s  - 1 .
(c )  Suppose (p11 3 )^ j. = - I *  By C o r o l l a r y  2 . 2 . 1 ,  f ^  
n e v e r  r e p r e s e n t s  1 3 .. I f  g-|_ r e p r e s e n t s  p w i t h  x,- odd,
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f-L r e p r e s e n t s  - 1  by  (b) . I f  g-  ^ r e p r e s e n t s  p w i t h  x,- even ,  
r e p r e s e n t s  -13  by  ( a ) . The second  s t a t e m e n t  f o l l o w s  
f rom  t h e  f i r s t  s t a t e m e n t  and f rom  Lemma 2 . 8 . 4  ( i . e .  t h a t  
( p | 1 3 ) = 1 i m p l i e s  g^ r e p r e s e n t s  p ) .
(d) Suppose ( p | l 3 ) ^  = 1 .  I f  gj_ r e p r e s e n t s  p 
w i th  Xp. ev e n ,  t h e n  f-^ r e p r e s e n t s  13* by  (a )  . I f  g-  ^
r e p r e s e n t s  p w i th  x^ odd, t h e  exam ples  given, i n  (b) p ro v e  
t h e  l a s t  s t a t e m e n t .
Q . E . D .
CHAPTER I I I
In t h i s  c h a p t e r  we p ro v e  some p a r t i a l  r e s u l t s
c o n c e r n i n g  t h e  p r im e s  q = 2 9 * 53 and 6 l .
THEOREM 3*1 .  Suppose p = l(mod 4 ) ,  ( p |2 9 )  = 1, and
f ^  = [ 1 * 0 , - 2 9 p ] . Then f ^  r e p r e s e n t s  - 2 9  i m p l i e s  e i t h e r
(a)  t h e r e  e x i s t  i n t e g e r s  x,_ and xg such  t h a t  
P Pp = Xj. + 29xg and e i t h e r  ( 1 ) x^ i s  odd and ( p | 2 9 )^ = 1 * o r
( 2 ) x,_ i s  even and ( p | 2 9 )^ = - 1 ; o r  (t>) t h e r e  e x i s t  i n t e g e r s
2 2and yg such  t h a t  p = 5y^ + 2y ^ y g + 6 yg and e i t h e r  (1 ) yg 
i s  odd and ( p | 2 9 )^ = 1 * o r  ( 2 ) yg i s  even and ( p | 2 9 )^ = - 1 •
PROOF. I f  t h e r e  e x i s t  i n t e g e r s  u*v (as  u s u a l ,  we may assume 
v >  0 ) such  t h a t  u^  -  29pv^  = - 2 9 * then, t h e  form  
g = [ 29pv ,  2u ,  v] has  d e t e r m i n a n t  2 9 * and so i s  i n  one o f  
t h e  s i x  p o s i t i v e - d e f i n i t e  c l a s s e s  o f  t h a t  d e t e r m i n a n t .
I f  g ~ g x = [ 1 , 0 , 2 9 ] ,  o r  i f  g ~ g 2 = [ 2 , 2 , 1 5 ] ,  t h e n  
t h e  c o n s e q u e n c e s  have been  d e t e r m in e d  by  Theorem 2 . 3 ;  t h e y  
a r e  p r e c i s e l y  s t a t e m e n t s  ( a - 1 ) and ( a - 2 ) ,  a s  a b o v e .
I f  g ~ g 3 = [ 3 * 2 , 1 0 ] ,  o r  i f  g ~ g ^  = [ 3 * — 2 , 1 0 ] ,  we 
fo rm  t h e  f o l l o w i n g  C a n to r  d iag ra m :
[ 3 * + 2 , 1 0 ] —2L> [ 29pv ,  2u,  v]
h = [ a , 2b , c ] < - 2 1 . [ 1 , 0 , - 29p] =
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By P r o p o s i t i o n  1,5* 3a + 2b + 10c = 0 ; w r i t i n g  a = 2x , we
f i n d  t h a t  t h e r e  i s  a fo rm  h = [ 2x,  + 2 ( 5c + 3x ) , c]  i n  t h e
c l a s s  o f  f ^ .  Comparing d e t e r m i n a n t s ,  we f i n d  t h a t  
P P29p = 25c + 2 8 c x + 9x 3 com par ing  modulo 2 9 * we o b t a i n  t h e  
co n g ru e n c e s  0 s  25 c 2 -  3 0 cx + 9x 2 = ( 5c -  3x ) 2 (mod 2 9 ) ,
5 c s 3x(mod 2 9 ) ,  and x h - 8 c(mod 2 9 ) . -  I f  we w r i t e  
x = - 8 c + 29y ,  t h e  above e q u a t i o n  becomes 
29p = 2 5 c 2 + 2 8 ( -8 c+ 2 9 y )  + 9 ( -8 c + 2 9 y ) 2
= 3 7 7 c 2 -  2 9 * l l 6 cy + 9*292y 2 ; h en c e
P Pp = 13c -  l l 6 cy + 2 6 ly  . A p p ly in g  t h e  u n im o d u l a r  t r a n s ­
f o r m a t i o n  c = 4y^  -  5y6 , y = y^ -  yg l e a d s  t o  t h e  e q u a t i o n
2 2p = 5y^ + 2y^yg + 8yg;  s i n c e  p i s  odd, so i s  y,_, and s i n c e  
h i s  p r i m i t i v e ,  c i s  odd, so yg i s  a l s o  odd .  M oreover ,  
h i s  in  t h e  genus  o f  f ^  so 1 = ( c | 2 9 ) = ( 4 y g - 5 y g | 2 9 )
= ( - 6 | 2 9 ) ( 4 y 5 - 5 y g | 2 9 )  = ( -2 4 y 5 + 30y6 | 29) = (5 y 5 + ygl 2 9 ) .
2 2F i n a l l y ,  we have  t h a t  5p = ( 5 y ^ + y g )  + 29yg* so t h a t
5P s  (5y5 + y g ) 6 (mod 29)* and so (p12 9 )^= (5 |  2 9 )4
= ( 5 | 2 9 ) 4 ( ( 5 y 5 + y g ) 2 | 2 9 ) 4 = ( 5 | 2 9 ) 4 (5 y 5 + y6 | 2 9 )  = ( 5 | 2 9 )4
= ( l l | 2 9 )  = ( 2 9 | 11) = ( 7 | 11) = - 1 .  T h i s  p r o v e s  t h a t
s t a t e m e n t  ( b - 2 ) may be a n e c e s s a r y  c o n d i t i o n  f o r  f ^  t o
r e p r e s e n t  - 2 9 .
g ~ g g  = [ 5 *2 , 6 ] ,  o r  i f  g ~ g g  = [ 5 * -  2 * 6 ] ,  we 
form  t h e  f o l l o w i n g  C a n to r  d iag ram :
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[ 5 ,  + 2 , 6 ]  - £ — > [ 29p v , 2u ,v ]
h = [ a j 2 b , c ] < X .  [ 1 , 0 , -2 9 p ]  = f x
By P r o p o s i t i o n  1 . 5 ,  5a + 2b + 6c = 0; hence  a i s  e v e n .  
W r i t i n g  a = 2x, we o b t a i n  a fo rm  h = [ 2x, + 2(5x + 3 c ) ,  c ] i n  
t h e  c l a s s  o f  f-^. Comparing d e t e r m i n a n t s ,  we f i n d  t h a t
O p
29p = 25x + 28xc + 9c , co m p ar in g  modulo 2 9 , we o b t a i n  t h e  
c o n g ru e n c e s  0 s  25x^ -  30xc + 9c^  s  ( 5 x - 3 c ) ^ ( m o d  2 9 ) ,
5x s  3c (mod 2 9 ) ,  and x s  - 1 1 c  (mod 2 9 ) .  W r i t i n g  x = - l l c  + 29y
l e a d s  t o  t h e  e q u a t i o n  29p = 2 9 2 • 25y 2 -  522  • 29yc + 29  • 9^-c2 , o r  
t h a t  p = 725y 2 -  522yc + 9^-c^. A pp ly in g  t h e  u n im o d u l a r
t r a n s f o r m a t i o n  y  = - y ^  + ^ y g ,  c = -3 y ^  + H y g  y i e l d s  t h e
2 2 e q u a t i o n  p = 5y^_ + 2y^yg + 6 y g . S in c e  p i s  a p r im e ,  y^
i s  odd;  s i n c e  h i s  p r i m i t i v e ,  c i s  odd, so yg i s  e v e n .
M oreove r ,  h i s  i n  t h e  genus  o f  f ^ ,  so 1 = ( c | 2 9 )
= ( - 3 y 5 + H y 6 | 2 9 )  = -  (8 |  2 9 ) ( - 3 y 5 + H y 6 | 2 9 )= -  ( - 2 4 y 5+ 88y6 | 2 9 ) 
= -  (5 y 5 + yg |  2 9 ) . Hence (5yg + y g |2 9 )  = -1 5  S ince  
5P = (5y5 + y6 ) 2 (mod 2 9 ) ,  we have (p |  2 9 )4  = -  (5 |  2 9 )4  = 1- 
T h i s  p r o v e s  t h a t  c o n d i t i o n  (b -1 )  can be a n e c e s s a r y  one i f  
f ^  r e p r e s e n t s  - 2 9 .
S in c e  we have e x h a u s t e d  a l l  t h e  p o s s i b i l i t i e s ,  we 
have shown t h a t  one o f  ( a - l ) , ( a - 2 ) ,  ( b - 1 ) and ( b - 2 ) must  
o c c u r  w henever  f ^  r e p r e s e n t s  - 2 9 .
Q . E . D .
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We now p ro v e  t h e  f o l l o w i n g  r e p r e s e n t a t i o n  t h e o re m .
THEOREM 3 * 2 .  Suppose p s  l (mod 4 ) ,  ( p | 29) = 1* and t h e r e
2 2e x i s t  i n t e g e r s  x^  and Xg such  t h a t  p = x ^  + 29*g . Suppose 
f ^  = [ l , 0 , - 2 9 p ] .  Then:
(a)  I f  x,- i s  ev en ,  t h e n  f 1 n e v e r  r e p r e s e n t s  - 1 ;  i t  
r e p r e s e n t s  e i t h e r  29  o r  - 2 9 * a c c o r d i n g  a s  ( p | 2 9 ) ^ = l  o r  - 1 .
(b) I f  x^  i s  odd,  t h e n  f ^  r e p r e s e n t s  -1  i f  ( p | 29)^  = -1> 
o t h e r w i s e ,  any  o f  t h e  t h r e e  p o s s i b i l i t i e s  ( f^  r e p r e s e n t s  
- 1 ,  2 9 * - 2 9 ) may o c c u r .
(c)  I f  (p 1 2 9 )^ j. = t h e n  f ^  n e v e r  r e p r e s e n t s  29; i t  
r e p r e s e n t s  - 1  o r  - 2 9 * a c c o r d i n g  a s  x^  i s  odd o r  e v e n .
(d) I f  (p 1 2 9 )i  ^ = 1* t h e n  f 1 r e p r e s e n t s  29 i f  Xp. i s  
e v e n ;  o th e r w i s e *  any o f  t h e  t h r e e  p o s s i b i l i t i e s  may o c c u r .
We o b s e r v e  t h a t  t h i s  th e o re m  does  n o t  d e s c r i b e  t h e  
b e h a v i o r  o f  a l l  p r im e s  o f  t h e  form  4n + 1 which a r e  q u a d r a t i c  
r e s i d u e s  o f  2 9 * b u t  o n l y  o f  t h o s e  w hich ,  i n  a d d i t i o n ,  a r e  
r e p r e s e n t e d  by  t h e  fo rm  [ 1 , 0 , 2 9 ] .  P r im e s  such  a s  5*13 and 
o t h e r s  r e p r e s e n t e d  by  [ 5 * 2 , 6 ]  a r e  n o t  t r e a t e d  i n  t h i s  
th e o re m ;  i n  o r d e r  t o  do so ,  i t  i s  n e c e s s a r y  t o  s t u d y  t h e  
r e l a t i o n s h i p s  among t h e  fo rm s  [ 1 , 0 , 1 ] ,  [ 1 , 0 , - 2 9 ] and [ 5 , 2 , 6 ] .  
M o reo v e r ,  i f  t h e  p r im e  q s  l(mod 4)  i s  such  t h a t  t h e  
p r i n c i p a l  g en u s  o f  d e t e r m i n a n t  q c o n t a i n s  many c l a s s e s ,  t h e n  
t h e  number o f  p o s s i b l e  fo rm s  by  which a p r im e  p ,  ( p | q )  = 1* 
may be  r e p r e s e n t e d  . i n c r e a s e s .  (An example o f  such  a p r im e  i s
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q = 8 9 ; t h e r e  a r e  s i x  c l a s s e s  i n  t h e  p r i n c i p a l  genus  o f  
d e t e r m i n a n t  8 9 ) .  F o r  such  p r im e s  t h e  d i f f i c u l t y  i n  o b t a i n i n g  
co m p le te  r e p r e s e n t a t i o n  th e o re m s  i n c r e a s e s ;  we w i l l  e x p l o r e  
t h e s e  d i f f i c u l t i e s  i n  d e t a i l  when we s t u d y  t h e  p r im e  q = 1 7 .
At t h a t  t im e  we w i l l  e x p l a i n  t h e  b a s i c  d i f f e r e n c e  p r im e s  o f  
t h e  form  8n + 1 and t h o s e  o f  t h e  fo rm  8n + 5*
P r o o f  o f  Theorem 3*2 i s  b a s e d  on t h e  f o l l o w i n g  lemmas 
( in  t h e  f o l l o w i n g ,  x-  ^ t h r o u g h  Xg a r e  a s  i n  e q u a t i o n  ( 2 . 4 . 1 ) .
LEMMA 3 . 2 . 1 .  Each  c o n d i t i o n  in  column A i m p l i e s  t h e  
c o r r e s p o n d i n g  c o n d i t i o n  i n  column B and one o f  t h e  
c o r r e s p o n d i n g  c o n d i t i o n s  i n  column C.
A B C
mod 29 + x r mod 29  
— 0 a l l  p a i r s  (+Xq,+Xg
°r(+Xo,+Xi)m°d 29
1 1 ( 0 .1 ) , ( 5 , 1 1 ) ( 6 , 9 ) , ( 8 , 1 3 )
4 2 ( 0 .2 ) (3 , 1 3 ) ( 7 , 1 0 ) , ( 1 1 , 1 2 )
5 11 ( 0 .1 1 , ( 1 , 2 )
O
J 
1—1
COCO
6 8 ( 0 . 8 ) ( 1 ,1 1 ) , 6 , 1 2 ) , ( 1 0 , 1 4 )
7 6 ( 0 . 6 ) ( 1 , 8 ) , 4 , 7 ) , ( 9 , 1 0 )
9 3 ( 0 . 3 ) ( 2 ,1 1 ) ( 4 , 1 4 ) ,  ( 5 ,1 0 )
13 10 (0 ,1 0 , ( 2 , 3 ) ( 6 , 8 ) , ( 7 , 1 4 )
16 4 ( 0 ,4 ) ( 3 , 6 ) , 5 , 7 ) , ( 9 , 1 4 )
20 7 ( 0 , 7 ) ( 2 , 4 ) , 5 , 1 3 ) , ( 6 , 1 0 )
22 14 (0 ,1 4 , ( 3 , 1 0 , ( 4 , 8 ) , ( 9 , 1 2 )
23 9 ( 0 ,9 ) ( 1 ,1 4 ) ( 4 , 6 ) , ( 1 2 , 1 3 )
24 13 (0 ,1 3 , ( 1 , 9 ) ( 2 , 7 ) , ( 5 , 1 2 )
25 5 ( 0 ,5 ) ( 1 ,1 3 ) ( 3 , 4 ) , ( 7 , 1 1 )
28 12 ( 0 ,1 2 , ( 2 , 1 3 , ( 8 , 1 4 ) , ( 9 , 1 1 )
PROOF. S t r a i g h t f o r w a r d  v e r i f i c a t i o n .
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LEMMA 3 . 2 . 2 .  I f  ( p |2 9 ) =  1, p s l(mod 4 ) ,  and p i s
2 2 2 2 r e p r e s e n t e d  by  x-  ^ + and by x,- + 29x:g, t h e n
(a)  x,- even i m p l i e s  (x2 + x ^ | 2 9 ) = 0 o r  1 and
(x2 + x,-| 2 9 ) = 0 o r  -1
(b) x,- odd i m p l i e s  (x-^ + x ^ | 2 9 ) = 0 o r  - 1  and
(x2 + x 5 | 2 9 ) = 0 o r  1 .
PROOF. T h i s  i s  j u s t  C o r o l l a r y  2 .7  i n  t h e  c a s e  q = 29.
LEMMA 3 . 2 . 3 .  I f  p i s  as  i n  Lemma 3 . 2 . 2 ,  and x r i s
5
ev e n ,  t h e n  f ^  does  n o t  r e p r e s e n t  - 1 .
PROOF. We w i l l  p ro v e  t h i s  i n  t h e  c a s e  p s  l (m od 2 9 ) ;  p r o o f s  
i n  t h e  o t h e r  t h i r t e e n  c a s e s  i n v o l v e  o n ly  c h a n g es  i n  t h e  
n u m e r i c a l  v a l u e s  o f  p ,  x ^ ,  x 2 and x ^ .  The fo rm s  o f  t h e  
p r o o f s  in  t h e  o t h e r  t h i r t e e n  c a s e s  a r e  t h e  same a s  what 
f o l l o w s .  L e t  p s l (m od  29) and p s  l (mod 4 ) ;  we t h e n  have
t h e  f o l l o w i n g  t a b l e .  A l l  v a l u e s  a r e  g iv e n  modulo 29* e x c e p t
t h e L egendre  s y m b o ls ; by Lemma 3 + 1
1-1•OJ•
x 5 = 1 (mod 2 9 ). 9
± X1 ± x 2 + (5 x1+2x2 ) ( 5 x1+2x2 | 2 9 )  + (:Xq+X^ (x 1+x 5 |29it^2+x5) 2+x5 |29)
0 1 2 -1 1 1 0 , 2 0 , - •1
1 0 5 1 0 , 2 0 , - -1 1 1
5 11 3 ,1 1 - 1 4 , 6 1
OJ 
1—10 1—1 -1
6 9 1 0 ,1 2 - 1 5 ,7 1 8 ,1 0 - 1
8 13 8 ,1 4 - 1 7 ,9 1 1 2 ,1 4 - 1
9 6 1 ,4 1 8 ,1 0 -1 5 ,7 1
11 5 7 ,1 3 1 1 0 ,1 2 - 1 4 , 6 1
13 8 6 , 9 1 12 ,14 - 1 7 , 9 1
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Suppose  x i s  e v e n .  Then, by t h e  r e s u l t s  o f  Lemma 
3 . 2 . 2 ,  we deduce  t h a t  + x-  ^ s  0 , 5 , 6  o r  8(mod 2 9 ) .  F o r  such  
x-^, we see  t h a t  (5Xq_ + 2x 2 j 2 9 ) = -1* f o r  e i t h e r  c h o i c e  o f  
s i g n s .  T h i s  c o n t r a d i c t s  t h e  n e c e s s a r y  c o n d i t i o n s  i n  Theorem
2 . 1 ,  t h a t  f ^  r e p r e s e n t  - 1 ;  hence  x^ even and p s l ( m o d  2 9 ) 
i m p l i e s  f ^  does  n o t  r e p r e s e n t  - 1 .  The c a s e s  p s  4 , 5 , 6 , 7 *  
9 , 1 3 , 1 6 , 2 0 , 2 2 , 2 3 * 2 4 , 2 5  and 28 (mod 2 9 ) a r e  h a n d l e d  i n  t h e  
same m anner .
Q .E.D.
PROOF OF THE THEOREM. Suppose p and x,- a r e  a s  i n  t h e  
h y p o t h e s i s .
(a)  I f  Xp. i s  ev e n ,  t h e n  by Lemma 3 .2 .3 *  f]_ n e v e r
r e p r e s e n t s  - 1 .  I f  (p |  2 9 )2p = th e n  none o f  t h e  c o n d i t i o n s
i n  Theorem 3*1 a r e  m e t ,  so f ^  does  n o t  r e p r e s e n t  - 2 9 ]  hence
f ^  r e p r e s e n t s  2 9 . I f  ( p |2 9 ) ^  = -1* t h e n  by  C o r o l l a r y
2 . 2 . 1 ,  f ^  does  n o t  r e p r e s e n t  2 9 ] hence  f^_ r e p r e s e n t s  - 2 9 -
(b) Suppose Xp. i s  odd and ( p |2 9 ) j |  = - 1 .  None o f  
t h e  c o n d i t i o n s  o f  Theorem 3 .1  a r e  met,  so  f ^  d o es  n o t  
r e p r e s e n t  - 2 9 ] f 2 n e v e r  r e p r e s e n t s  29  f o r  su ch  p , b y  ( a ) ,  
so f j  m ust  r e p r e s e n t  - 1 .  I f  ( p |2 9 ) ^  = 1* t h e  t e c h n i q u e s  
d e v e l o p e d  h e r e  w i l l  n o t  a s c e r t a i n  which o f  t h e  t h r e e  numbers 
- 1 , 2 9 , - 2 9  i s  r e p r e s e n t e d  by f ^ ;  in  f a c t ,  t h e r e  a r e  p r im e s  
where  any  o f  - 1 , 2 9 , - 2 9  i s  r e p r e s e n t e d .  The s m a l l e s t  a r e
197 f o r  - 1 ,  IO6 9  f o r  29* and 1213 f o r  - 2 9 .
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(c )  Suppose (p 1 2 9 )4  = - 1 .  I f  x^  i s  e v e n ,  t h e n  by- 
p a r t  ( a ) ,  r e p r e s e n t s  - 2 9 * and i f  i s  odd ,  t h e n  by
p a r t  ( b ) ,  f-^ r e p r e s e n t s  - 1 .
(d) Suppose (p 1 2 9 )4  = 1 .  I f  X,- i s  e v e n ,  t h e n  f ^
r e p r e s e n t s  2 9 * by  p a r t  ( a ) ;  o t h e r w i s e ,  i t  i s  n o t  p o s s i b l e ,  
u s i n g  t h e s e  t e c h n i q u e s ,  t o  a s c e r t a i n  which o f  - 1 , 2 9 * - 2 9  i s  
r e p r e s e n t e d  by  f ^ .  Examples o f  each  a r e  g i v e n  i n  ( c ) .
Q .E .D .
A nalogs  o f  Theorem 3*1 h o ld  f o r  t h e  p r i m e s  q = 53 and
6 l .  T h i s  i s  b e c a u s e  t h e r e  a r e  e x a c t l y  s i x  p o s i t i v e  c l a s s e s
o f  fo rm s  o f  e a c h  o f  t h e  d e t e r m i n a n t s  53 and 6 l .  Hence t h e  
p r i n c i p a l  g e n e r a  o f  d e t e r m i n a n t s  53 and 6 l  e a c h  c o n t a i n  t h r e e  
c l a s s e s :  t h e  p r i n c i p a l  c l a s s  ( r e p r e s e n t e d  b y  [ 1 * 0 ,5 3 ]  and
[ l , 0 , 6 l ] ,  r e s p e c t i v e l y )  and a p a i r  o f  i m p r o p e r l y  e q u i v a l e n t  
c l a s s e s  ( r e p r e s e n t e d  b y  [ 6 ,+  2 , 9 ] and [ 5 *+ 4 , 1 3 ] *  
r e s p e c t i v e l y ) . The n o n - p r i n c i p a l  g e n e ra  o f  t h e s e  d e t e r ­
m i n a n t s  have t h e  same s t r u c t u r e :  t h a t  o f  d e t e r m i n a n t  53 
c o n t a i n s  [ 2 , 2 , 2 7 ]* [ 3 *2 , 1 8 ] ,  and [ 3 * - 2 , 2 8 ] ;  t h a t  o f  
d e t e r m i n a n t  6 l  c o n t a i n s  [ 2 , 2 , 3 1 ]* [ 7 *6 *1 0 ] , and  [ 7 , - 6 , 1 0 ] .  
A n a lo g s  o f  Theorem 3 . 2  may be p r o v e d ,  b e c a u s e  t h e  p r im e s  
q = 53 and 6 l  a r e  o f  t h e  form  8n + 5 , which means t h a t ,  in  
C o r o l l a r y  2.7* c h a n g in g  t h e  p a r i t y  o f  x^ c h a n g e s  t h e  s i g n s  
o f  (x 1 + x ^ | q )  and (x 2  + x ^ | q ) .  (P r im es  s u c h  a s  1 7 , 73 and 
97 o f  t h e  fo rm  8n. + 1  does  n o t  have t h i s  p r o p e r t y :  more on
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t h i s  i n  t h e  n e x t  c h a p t e r ) .
THEOREM 3* 3 .  Suppose p s  l(mod 4 ) ,  ( p | 53) = 1* and 
f ^  = [ 1 , 0 , - 5 3 p ] .  I f  f]_ r e p r e s e n t s  - 5 3 ,  t h e n  e i t h e r
2 2(a )  t h e r e  e x i s t  x ^ ,x g  such t h a t  p = x ^ + 5 3 |  and 
e i t h e r  (1)  Xp. i s  odd and ( p |5 3 ) ^  = 1, o r  (2)  x,- i s  even 
and ( p | 5 3 )4  = - I 3 o r
p O
(t>) t h e r e  e x i s t  y ^ ,y g  such t h a t  p = 6y,_ + 2y,_yg + 9yg 
and e i t h e r  (1) y,_ i s  odd and ( p |5 3 ) ^  = 1 o r  (2)  y^  i s  
even and ( p | 5 3 =  - 1 .
SKETCH OF THE PROOF. I f  t h e r e  e x i s t  u , v ( v > 0 ,  a s  u s u a l )  
such  t h a t  u 2 -  53pv2 = - 5 3 ,  t h e n  t h e  fo rm  g = [ 5 3 p v ,2 u ,v ]  h a s  
d e t e r m i n a n t  5 3 , and a s  such ,  i s  e q u i v a l e n t  t o  one o f  t h e  
a f o r e m e n t i o n e d  f o rm s .  U s ing  t h e  C an to r  d ia g ra m s  i n  t h e  
m anner  o f  Theorem 3 . 1 ,  we deduce t h e  f o l l o w i n g :  i f  
g ~  [ 1 , 0 , 5 3 ] ,  t h e n  c o n d i t i o n  ( a - 1 )  r e s u l t s ;  i f  g ~ [ 2 , 2 , 2 7 ] ,  
t h e n  c o n d i t i o n  ( a - 2 )  r e s u l t s ;  i f  g ~  [ 6 , 2 , 9 ] ,  o r  i f  
g ~ [ 6 , - 2 , 9 ] ,  t h e n  c o n d i t i o n  (b -1 )  r e s u l t s ;  o f  g ~  [ 3 , 2 , 1 8 ] ,  
o r  i f  g ~ [ 3 , - 2 , l 8 ] ,  t h e n  c o n d i t i o n  (b -2 )  r e s u l t s .
U s in g  t h e  same t e c h n i q u e s ,  we p ro v e
THEOREM 3 . 4 .  Suppose p s  l(mod 4 ) ,  ( p | 6 l )  = 1, and 
f ^  = [ l , 0 , - 6 l p ] .  I f  f ^  r e p r e s e n t s  - 6 l ,  t h e n  e i t h e r
2 2(a )  t h e r e  e x i s t s  x ^ ,x g  such t h a t  p = x , _ + 6 l x g  and 
e i t h e r  (1) x^ i s  odd and ( p | 6 l ) ^  = 1,  o r  (2)  x ^  i s  even
66
a n d  ( p | 6 1 ) ^  =  - I 5 o r
2 2
( b )  t h e r e  e x i s t  y ^ * y g  s u c h  t h a t  p  =  5 y 5 + ^ y 5 y 6 + 1 3 y g
a n d  e i t h e r  ( 1 )  y , -  i s  e v e n  a n d  ( p | 6 l ) ^  =  1 ,  o r  ( 2 )  y ^  i s
o d d  a n d  ( p | 6 l ) ^  =  - 1 .
SKETCH OF THE PROOF. I f  t h e r e  e x i s t  u , v  ( v >  0) such  t h a t
Q O
u  -  6 lp v  = -61* then, t h e  form  g = [6 lp v * 2 u * v ]  h a s  
d e t e r m i n a n t  6 1 .  U s in g  C an to r  d iagrams* t h e  f o l l o w i n g  can. be 
ded u ced :  i f  g ~ [1*0*61]* th e n  ( a - 1 )  r e s u l t s ;  i f
g ~  [ 2 *2 *3 1 ]* t h e n  ( a -2 )  r e s u l t s ;  i f  g ~  [5*4*131* o r  i f
g ~  [ 5*-4* 1 3 ] * t h e n  (b -1 )  r e s u l t s *  i f  g ~  [7*6*10] o r  i f
g ~ [ 7 * - 6 * 1 0 ] *  t h e n  (b -2 )  r e s u l t s .
U s in g  Theorems 3*3 and 3 .4* we may p r o v e  t h e  f o l l o w i n g  
r e p r e s e n t a t i o n  th eo re m :
THEOREM 3 •5 •  L e t  q = 53 o r  6 l . L e t  p s  1 (mod 4)*
( p | q )  =  1* a n d  s u p p o s e  t h e r e  e x i s t  x ^  a n d  X g  s u c h  t h a t
0 p
p = Xp- + q x g . Suppose f ^  = [ l * 0 * - p q ] .  Then:
(a )  I f  x^  i s  even* t h e n  f-^ n e v e r  r e p r e s e n t s  - 1 ;
i t  r e p r e s e n t s  w i t h e r  q o r  -q* a c c o r d i n g  a s  ( p | q ) ^  = 1 o r  
- 1 .
(b) I f  Xp- i s  odd* th e n  r e p r e s e n t s  - 1  i f
( p l q ) ^  = -1* however* i f  (p I q )^  = 1* then, any  o f  t h e
p o s s i b i l i t i e s  (f-^ r e p r e s e n t s  -1* q* - q )  may o c c u r .
(c)  I f  ( p | q ) ^  = -1* then. f ^  n e v e r  r e p r e s e n t s  q;
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i t  r e p r e s e n t s  - 1  o r  - q ,  a c c o r d i n g  a s  x,- i s  odd o r  ev e n .
(d) I f  ( p | q ) 2j. = t h e n  f ^  r e p r e s e n t s  q i f  x,_ 
i s  even i f  not*  any o f  t h e  p o s s i b i l i t i e s  may o c c u r .
SKETCH OF THE PROOF.
(a )  F i r s t ,  s t a t e  and p ro v e  a lemma ( f o r  each  o f  
53 and 6 l )  which  g i v e s  t h e  a p p r o p r i a t e  r e s t r i c t i o n s  on p ,  
x^ ,X g ,  and x,_, a n a lo g o u s  t o  Lemma 3 . 2 . 1 .
(b) Second, r e s t a t e  Lemma 3 . 2 . 2 ,  r e p l a c i n g  29 by
53 * t^nen by 6 l .
(c)  T h i r d ,  s t a t e  and p r o v e  a lemma t o  t h e  e f f e c t  
t h a t  i f  x^ i s  even ,  t h e n  f g  d o es  n o t  r e p r e s e n t  - 1 .  T h is  
i s  done a n a l o g o u s l y  t o  Lemma 3 .2 .3 *  by  c h e c k in g  c a s e s ,  
i n s p e c t i n g  t a b l e s ,  and u s i n g  p r e v i o u s  r e s u l t s  c o n c e r n in g  x^ ,  
x 2 , and x ^ .  ___
(d) F o u r t h ,  u s e  t h e  t h r e e  lemmas t o  p ro v e  t h e  
th e o re m ,  i n  p r e c i s e l y  t h e  same m anner  a s  i s  done f o r  Theorem
3 . 2 .
One f u r t h e r  rem a rk  i s  i n  o r d e r :  i t  a p p e a r s  t h a t  
p a r t i a l  r e s u l t s  a n a lo g o u s  t o  Theorem 3*2 a r e  t r u e  f o r  a l l  
p r im e s  q s  5 (mod 8 ) ,  b e c a u s e  o f  t h e  f a c t  t h a t  c h a n g in g  t h e
p a r i t y  o f  x^  i n  t h e  r e p r e s e n t a t i o n  o f  a p r im e  p ,  ( p jq )  = 1 ,
2  2 1a s  x^  + qxg , ch an g es  t h e  s i g n s  o f  (x-  ^ + x ^ | q )  and
(xg + x ^ j q ) .  We w i l l  s t a t e  such  a g e n e r a l  th e o re m  w i th o u t
p r o o f .
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THEOREM 3 . 6 .  L e t  p a l (m od  4 ) ,  q s  5(mod 8 ) ,  ( p | q )  = 1, 
f ^  = [ 1 , 0 , - p q ] ,  and su p p o se  t h e r e  e x i s t  i n t e g e r s  Xp.,xg such 
t h a t  p = x^  + qxg . Then:
(a)  I f  Xp. i s  e v e n , t h e n  f-j_ n e v e r  r e p r e s e n t s  - 1 ;  i t  
r e p r e s e n t s  q o r  - q ,  a c c o r d i n g  a s  ( p | q ) ^ . =  1 o r  - 1 .
(t>) I f  X(- i s  odd ,  t h e n  f-^ r e p r e s e n t s  - 1  i f
( p l q ) ^  = o t h e r w i s e ,  any  o f  t h e  p o s s i b i l i t i e s  ( f ^
r e p r e s e n t s  - 1 , q ,  o r  - q )  may o c c u r .
(c)  I f  ( p | q ) ^  = - 1 ,  t h e n  f ^  n e v e r  r e p r e s e n t s  q; i t
r e p r e s e n t s  - 1  o r  - q ,  a c c o r d i n g  as  x,- i s  odd o r  e v e n .
(d) I f  ( p |q ) j |  = 1 ,  t h e n  f ^  r e p r e s e n t s  q i f  x,.
i s  ev e n ;  o t h e r w i s e ,  any o f  t h e  p o s s i b i l i t i e s  may o c c u r .
CHAPTER IV
In  t h i s  c h a p t e r ,  we s t u d y  t h e  c a s e  q = 17, and 
i n v e s t i g a t e  a f u n d a m e n ta l  d i f f i c u l t y  which  o c c u r s  in  t h i s  
s t u d y .
By e l e m e n ta r y  i n v e s t i g a t i o n ,  we deduce  t h a t  t h e r e  a r e  
f o u r  p o s i t i v e - d e f i n i t e  c l a s s e s  o f  d i s c r i m i n a n t  -4 .1 7 *  i . e .  o f  
d e t e r m i n a n t  1 7 ; t h e  c l a s s e s  c o n t a i n i n g  [ 1 , 0 , 1 7 ] =
[ 2 , 2 , 9 ] = gg are  p r i n c i p a l  genus  ( r e c a l l  t h a t
( 2 | 1 7 ) = 1 )* and t h e  c l a s s e s  c o n t a i n i n g  [ 3 *2 , 6 ] = g^ and 
[ 3 * - 2 , 6 ] = g^ a r e  i n  t h e  n o n - p r i n c i p a l  g e n u s .  We now s tu d y  
t h i s  q u e s t i o n :  f o r  p s  l (m od  4 ) ,  ( p | l 7 ) = 1* which o f
- 1 , 1 7 , - 1 7  i s  r e p r e s e n t e d  b y  f-^ = [ 1 , 0 , - 1 7 p ] ?  As b e f o r e ,  we 
deduce  c e r t a i n  n e c e s s a r y  c o n d i t i o n s  t h a t  e a c h  o f  - 1 , 1 7 * - 1 7  
be  r e p r e s e n t e d  by f ^ ,  w h ich  may be summarized i n  t h e  
f o l l o w i n g  theorem :
THEOREM 4 . 1 .  L e t  p s  l (m od  4 )*  ( p | l 7 )  = 1* and 
f x = [ 1 , 0 , - 1 7 p ] •
(a )  I f  f ^  r e p r e s e n t s  - 1 ,  t h e n  t h e r e  e x i s t  i n t e g e r s  x 1
2 2odd,  Xg e^en such  t h a t  p = x 1 + Xg and e i t h e r
(1) (x 1 + 4 x 2 |1 7 )  = 1 = (4 x 1 - x 2 | l 7 ) *  o r  ( 2 ) (x 1 - 4 x 2 | l 7 )  =
1 = (4x1 + x 2 | 1 7 ) .
(b) I f  f ^  r e p r e s e n t s  17* t h e n  t h e r e  e x i s t  i n t e g e r s  x^
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e v en ,  x^ odd such  t h a t  p = - x ^ + 17*^  and ( x ^ l ^ )  = 1 .
(c )  I f  f ^  r e p r e s e n t s  -17* t h e n  e i t h e r  (1) t h e r e  e x i s t
i n t e g e r s  x,_, xg such  t h a t  p = x ^ + 17 xg and ( p | l 7 )^ = 1 ,
o r  ( 2 ) t h e r e  e x i s t  i n t e g e r s  y,_, yg such  t h a t
p = 2y |  + 2y 5yg + 9yg and ( p | l 7 )4  = - 1 .
PROOF. S t a t e m e n t  (a)  i s  j u s t  Theorem 2 .1 ,  in  t h e  c a s e  
q = 17.  Then, i n  t h a t  th e o re m ,  a = 1, b = 4 ,  and 
( 2 | q ) = ( 2 | 17) = 1 .  S t a t e m e n t  (b) i s  j u s t  Theorem 2 . 2 ,  i n  
t h e  c a s e  q = 1 7 , a l o n g  w i t h  t h e  o b s e r v a t i o n  t h a t  ( 2 | q )  =
( 2 | 17) = 1 .  S t a t e m e n t  ( c - 1 )  i s  j u s t  Theorem 2.3* i n  t h e  
c a s e  q = 1 7 ; a g a i n ,  a l o n g  w i t h  t h e  o b s e r v a t i o n  t h a t  
(a|q)  = ( 2 | 1 7 ) = 1 . We now p ro v e  s t a t e m e n t  ( c - 2 ) ,  u s i n g  t h e  
C a n to r  d i a g r a m s .
Suppose t h e r e  e x i s t  u , v ( v > 0 )  such  t h a t  
2 2u -  17pv = - 1 7 * t h e n  t h e  fo rm  g = [ 17p v , 2u ,v ]  h a s  d e t e r m i n a n t  
17* I f  g~g-]_ o r  g ~ g 2 * t h e n  c o n d i t i o n  ( c - 1 ) r e s u l t s :  t h e  
r e m a in in g  p o s s i b i l i t i e s  a r e  6''“ §3  g ~ g 4 * e i t h e r
o f  t h e s e  o c c u r ,  we fo rm  t h e  f o l l o w i n g  C a n to r  d ia g ra m :
[ 3 + 2 , 6 ] - ^ —> [ 17p v , 2u , v ]
h = [ a , 2 b , c ] < - ^ - [ l , 0 , - 1 7 p ]
By P r o p o s i t i o n  1 . 5 ,  3a + 2b + 6 c = 0, so a = 2x; h en c e  
b = + 3 (x + c ) ,  and  t h e r e  i s  a fo rm  h = [ 2x , + 2 (3  (x + c ) ) ,  c]  i n  
t h e  c l a s s  o f  f ^  . Comparing d e t e r m i n a n t s  we f i n d  t h a t
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17p = 9 (x  + c ) 2 -  2xc = 9 x 2 + l6 x c  + 9c2 . Modulo 17* we have 
t h e  f o l l o w i n g  c o n g r u e n c e s :  0 s  9x2 -  l8 x c  + 9 c 2 = 3 ( x - c ) 2 (mod 1 7 )*
(x - c )  2 s  0 (mod 1 7 ) ,  x s  c (mod 17) . I f  we w r i t e  c = x + 17y, 
we have  1 7 p = 9x2 + l 6 x ( x  + 17y) + 9(x + 17y ) 2
a p p l y i n g  t h e  t r a n s l a t i o n  x 
e q u a t i o n  p  = 2yj: + 2y .y >  +
o f  f 1> 1 = (a  117) = (2x|l7) = (2y5 -I6y6|l7) = (2y5 + y6|l7).
= (6 11 7 ) (2y,_ + j 1 7 ) = (6 117) = - 1 .  T h i s  y i e l d s  a s s e r t i o n  
( c - 2 ) 1 s i n c e  a l l  t h e  p o s s i b i l i t i e s  a r e  e x h a u s t e d ,  we c o n c lu d e  
t h a t ,  i f  f ^  r e p r e s e n t s  - 1 7 * th e n  e i t h e r  ( c - l )  o r  ( c - 2 )
Q.E.D.
A f t e r  ex a m in in g  30 o r  40 c a s e s ,  i t  seems l i k e l y  t h a t  
t h e  f o l l o w i n g  th e o re m  i s  t r u e :
THEOREM 4 . 2 .  L e t  p 3 l(mod 4 ) ,  ( p | l 7 )  = 1 *  and  f ]_*g1 *g2 
he  a s  a b o v e .  Then:
(a )  I f  g 2 r e p r e s e n t s  p ,  t h e n  f 1 n e v e r  r e p r e s e n t s  - 1 ;
i t  r e p r e s e n t s  17  o r  - 1 7 * a c c o r d i n g  a s  ( p 11 7 )i  ^ = 1 o r  "1*
(b) i f  g-  ^ r e p r e s e n t s  p ,  t h e n  f ^  r e p r e s e n t s  - 1  i f
(p 11 7 )^ = “ 1* 1^ ( p | l 7 ) ^  = 1* th e n  any o f  t h e  t h r e e  
p o s s i b i l i t i e s  ( f ^  r e p r e s e n t s  - 1 ,  1 7 , - 1 7 ) can  o c c u r .
(c )  I f  ( p | l 7 ) ^  = - 1 ,  t h e n  f-^ n e v e r  r e p r e s e n t s  1 7 ;  i t
o c c u r s .
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r e p r e s e n t s  - 1  o r  - 1 7 , a c c o r d in g  a s  p i s  r e p r e s e n t e d  by  g^ 
o r  b y  g g .
(d) I f  (p |  1 7 )2|  = t h e n  f^ r e p r e s e n t s  17 i f  gg 
r e p r e s e n t s  p ;  how ever ,  i f  g^ r e p r e s e n t s  p , t h e n  any  o f  
t h e  p o s s i b i l i t i e s  can  o c c u r .
We w i l l  p r o v e  p a r t  o f  t h i s  th e o re m  and d e m o n s t r a t e  
why t h e  e n t i r e  t h e o re m  ca n n o t  a t  t h i s  t i m e  b e  p r o v e n .
S in c e  we n e e d  t o  know some p r o p e r t i e s  o f  t h e  fo rm  gg 
a s  r e l a t e d  t o  a sum o f  two s q u a r e s ,  we now a t t e m p t  t o  o b t a i n  
a c o m p le t e  p a r a m e t r i c  r e p r e s e n t a t i o n  o f  t h e  s o l u t i o n s  o f
( 4 . 2 . 1 )  p = x 2 + Xg = 2y2 + 2y^yg + 9 y |
i n  t h e  c a s e  t h a t  p i s  a p r im e r e p r e s e n t e d  b y  t h e s e  two
f o r m s ,  x-  ^ i s  odd,  and Xg i s  even .  To do t h i s ,  we examine
t h e  a u x i l i a r y  e q u a t i o n
( ^ • 2 . 2 )  2xf+2*l = (2y5 + y g ) 2 + 17y |  .
S in c e  p i s  odd ,  yg must be odd ,  and so
Zg = 2yg + yg i s  a l s o  odd .  We c o n s i d e r  t h e  e q u a t i o n
2 2 2 2 - 17yg = Zg -  2 xJ  -  2Xg, and remark  t h a t  t h e  r i g h t  s i d e  i s  t h e
norm o f  t h e  q u a t e r n i o n  Q = z ^ i^  + x 1i g  + Xgig i n  t h e  r i n g  o f
2q u a t e r n i o n s  w i th  t h e  f o l l o w i n g  m u l t i p l i c a t i o n :  i-^ = - 1 ,
2 2
i g  =  i ^  =  2 ,  i ^ i g  =  - i 2i 3 ^  ^ 3 *  i 2i 3 =  - i 3i 2 =  2 i l *  and 
i^i]_ = - i g .  The norm form  o f  t h i s  sy s tem  o f  q u a t e r n i o n s  i s
2 2 2 2F = u 0 + u^ -  2u.g -  2u^ • We now qu o te  a t h e o r e m  f ro m  [3 ]  which  
i m p l i e s  t h a t  F i s  i n  a genus o f  one c l a s s ,  and  a s  su c h ,
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Lemma 1 . 8  on t h e  f a c t o r i z a t i o n  o f  q u a t e r n i o n s  can be  a p p l i e d .
LEMMA 4 . 2 . 3 .  I f  F i s  an i n d e f i n i t e  q u a d r a t i c  fo rm  o f  
t h r e e  o r  more v a r i a b l e s ,  and i f  t h e  r e d u c e d  d e t e r m i n a n t  D 
o f  F (See [ 2 ] )  h a s  t h e  p r o p e r t y  t h a t  l 6 | p ,  and t h e r e  i s  
no p r im e  p such  t h a t  p ^ |D ,  t h e n  F i s  i n  a genus  o f  one 
c l a s s .
2 2 2 2 In  t h i s  c a s e ,  w i t h  F = u 0 + u ]_“ 2u2 -  2u^,  i t  happens
t h a t  D = - 2 ,  so F i s  i n  a genus  o f  one c l a s s .  S in c e
p
- q y g  i s  odd, we may a p p l y  Lemma 1 . 8 ,  and w r i t e  Q = a a ,  
where N (a)  = -1 7 y g j  N(a) = y $ ;  s i n c e  Q i s  p u r e ,  Q* = -Q, 
so a*a* = -  a a ,  a* i s  a l e f t  d i v i s o r  o f  a .  Hence we may 
w r i t e  Q, = a*Ta, where N(a)  = N ^ ^ u ^ ^ + U g i g + u ^ i ^ ) .  = y a n d  
N ( t ) = - 1 7 .  Now, by Lemma 1 . 9 j t h a t  Q i s  p u r e  i m p l i e s  t 
i s  p u r e .  I f  we p u t  t = a i ^ + b i 2 + c i ^ ,  t h e n  Q = a*Ta = 
u^ 0 " u l i l " u 2i 2"u 3 i 3 ^ ( a i 1+ b i 2+c i 3 ) ( u 0+u1i 1+u2i 2+u3i 3 )
=  i 1 ( a ( u Q + u ^ + 2 u | + 2 u 3 ) + 4 b ( u 0 U 2 - u 1 u 2 ) + 4 c ( - u 0 u 2 - u 1 u 3 ) )
+ i 2 ( 2 a ( u Qu 3+u1u 2 ) + b ( u 2+2u2- u 2- 2 u | )  + 2 c ( - uqu1- 2 u2u3 ) )
+ i 3 ( 2 a ( - u Qu 2+u1u 3 ) + 2 b (u Qu 1- 2 u 2u 3 ) + c ( u 2+2u2- u 2- 2 u 2 ) ) .
Now and x 2 a r e  t h e  c o e f f i c i e n t s  o f  i ^ ,  i 2 , and i ^
r e s p e c t i v e l y ;  h e n c e ,  i n  d e t e r m i n i n g  t , we m ust  have  
a = z^ ,  b s  x ^  c = x 2 (mod 2 ) ,  so t h a t  a and b must be 
odd ,  and c must  be  e v e n .  In  a d d i t i o n ,  s i n c e  y ^ = ( z ^ - y g ) / 2 ,  
and s i n c e  yg = N(o) = u q + u i “ 2u2 " 2u3* we deduce  t h a t
p p
y^ s  (a+1) (uQ+u1 ) /2 (m od  2 ) .  In  o r d e r  f o r  y g ,  z^ ,  and x-  ^ t o
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P Pbe odd, u Q s  u-  ^ + 1 (mod 2 ) .  Hence u Q + u^ s 1 (mod 2 ) ,  and 
y,_ = i ( a + l ) ( m o d  2 ) .  I f  a s  1 (mod 4 ) ,  t h e n  i s  odd,  and
i f  a s  3 (mod 4 ) ,  t h e n  y,_ i s  ev e n .
A g e n e r a l  p a r a m e t r i c  s o l u t i o n  o f  ( 4 . 2 . 1 ) ,  i n  t h e  c a se  
t h a t  p i s  a p r im e  r e p r e s e n t a b l e  by  b o t h  f o rm s ,  x^ i s  odd, 
x 2 i s  even ,  and ( n e c e s s a r i l y )  yg i s  odd,  i s  g i v e n  by
P P P Pz,- = a ( u 0+u1+ 2 u 2 + 2 u 2 ) + 4 b ( u QU2 - u ^ u 2 ) + 4 c ( - u ^ g - u ^ u ^ )
P P P Px-j_ = 2a(uQU2+u^u2 ) + b ( u 0+ 2u2-u -L~ 2 u 2 ) + 2 c ( - u 0u-L-2u 2 U 2 )
2 2 2 2x 2 = 2 a ( - u  U p+u- ,u J+ 2b  (u u - , -2 U p u J + c  (u +2u2- u 1-2 u ^ )
( 4 . 2 . 4 )  ^
y6 = N(a)  = %  + u 2 -  2u2 " 2u3
y 5 = ( z 5- y 6 ) / 2  = - | ( a - l )  ( u 2+u2 ) + ( a + l )  (u 2+u2 ) + 2 b ( u ^ - u ^ )  
+ 2c ( - uou 2 “ u l u 3^ ( w i th  u Q h + 1 (mod 2 ) )
2 2 2where a i s  odd, b i s  odd,  c i s  e v e n ,  and - 1 7 = a - 2 b  - 2 c  .
At t h i s  p o i n t  we would l i k e  t o  e x h i b i t  s im p le
r e l a t i o n s h i p s  among x 1 ,X g ,y ^  and yg (mod 1 7 ).> a n a lo g o u s  t o  
t h o s e  o b t a i n e d  in  C o r o l l a r y  2 . 5 ;  such  r e l a t i o n s h i p s  would be 
u s e d ,  i n  an a n a lo g o u s  m anner ,  t o  show t h a t  f-^ n e v e r  
r e p r e s e n t s  - 1  i f  g 2 r e p r e s e n t s  p .  What we s e e k  a r e  
r e l a t i o n s h i p s  i n v o l v i n g  t h e  q u a n t i t i e s  u Q, u ^ , u 2 * u ^ , a , b ,  and 
c ,  which would h o l d  no m a t t e r  what q u a t e r n i o n  r i s  c h o s e n ,
p o p
where N(t ) = - 1 7  = a -  2b -  2c . Such r e l a t i o n s h i p s  would
be o b t a i n e d  i f  we c o u l d  assume t h a t ,  b y  c h o o s in g  one ,  o r
f i n i t e l y  many, v a l u e s  o f  t  , we would be a s s u r e d  o f  o b t a i n i n g
75
a l l  p a r a m e t r i c  s o l u t i o n s  o f  ( 4 . 2 . 1 ) .  F o r  example* suppose
i t  c o u ld  be shown t h a t  i n  o r d e r  f o r  a l l  such  s o l u t i o n s  t o  be
o b t a i n e d  by c o n s i d e r i n g  t h e  e x p r e s s i o n s  i n  ( 4 . 2 . 4 ) *  i t  would
s u f f i c e  t o  c o n s i d e r  t h o s e  e x p r e s s i o n s  u s i n g  t-^ = i-j_ + 3 i 2
and Tg = - i ^  + 3 i 2 * I t  w ould  t h e n  be  p o s s i b l e  t o  prove* f o r
2 2i n s t a n c e ,  t h a t  i f  p i s  a p r im e  r e p r e s e n t e d  b y  x-  ^ + x 2 and 
2 y |  + 2y^yg 4- 9yg t h e n  (2y^  + y g + 6 x ^ 1 7 )  = 0 o r  1 .  The 
b a s i c  d i f f i c u l t y  i s  t h a t  so  f a r *  we have n o t  b een  a b l e  t o  
show t h a t  a l l  s o l u t i o n s  o f  ( 4 . 2 . 1 )  a r e  o b t a i n a b l e  by u s i n g  
f i n i t e l y  many v a l u e s  o f  t i n  t h e  e x p r e s s i o n s  ( 4 . 2 . 4 ) .  I f  
t h i s  d i f f i c u l t y  were su rm o u n te d  o r  avo ided*  any th eo rem s  
a n a lo g o u s  t o  Theorem 4 . 2  c o u l d  be  p r o v e d .
We a r e  a b l e ,  h o w e v e r* to  o b t a i n  a few p a r t i a l  r e s u l t s  
i n  t h e  form o f  t h e  f o l l o w i n g  p r o p o s i t i o n :
PROPOSITION 4 .3 *  L e t  p* f 1 * g ^  and  g 2 be a s  in  t h e  
s t a t e m e n t  o f  Theorem 4 . 2 .
(a )  I f  ( p | l 7 ) ^  = 1 and g 2 r e p r e s e n t s  p* o r  i f  (p|l7)zj.  = -1
and gj  ^ r e p r e s e n t s  p ,  t h e n  f-^ does  n o t  r e p r e s e n t  - 1 7 .
(b) I f  ( p | l 7 ) ^  = - 1  and g 1 r e p r e s e n t s  p* t h e n
r e p r e s e n t s  - 1 .
(c )  I f  ( p | l 7 ) ^  = l  and g-  ^ r e p r e s e n t s  p* t h e n  any o f  t h e
t h r e e  p o s s i b i l i t i e s  (f-^ r e p r e s e n t s  -1* 1 7 .> - 1 7 ) can o c c u r .
PROOF. (a) T h is  i s  im m e d ia te  f rom  p a r t  (c)  o f  Theorem 4 . 1 .
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Examples o f  su ch  p r i m e s  a r e  13* 8 9 * 101, 137* and t h e  p r im e s  
i n  p a r t  ( b ) .
(b) By p a r t  ( a ) ,  f ^  d o es  n o t  r e p r e s e n t  -17* and by 
C o r o l l a r y  2 . 2 . 1 ,  f ^  d o e s  n o t  r e p r e s e n t  1 7 . Hence 
r e p r e s e n t s  - 1 .  Exam ples  o f  such  p r im e s  a r e  53* 281, 349* 
4 6 l ,  and 5 6 9 *
(c)  The f o l l o w i n g  a r e  ex am p les  o f  p r im e s  p r e p r e s e n t e d  by  
g,  which  s a t i s f y  ( p | l 7 ) ^  = 1* where any  o f  - 1 ,  1 7 * and - 1 7  
i s  r e p r e s e n t e d :  f o r  - 1 ,  157;  f o r  1 7 , 149;  f o r  -17* 353*
Q .E .D .
R e t u r n i n g  t o  t h e  d i f f i c u l t y  m e n t io n e d  above ,  s e v e r a l  
m ethods  o f  l o o k i n g  a t  t h e  p ro b le m  have  been  u s e d ,  a l t h o u g h  
none (so  f a r )  s u c c e s s f u l l y .  One a p p ro a c h  i s  t o  s t u d y  t h e  
s o l u t i o n  o f
( 4 . 3 . 1 )  p = x f  + x |  = - x |  + 17x ^  = 2y^ + 2y^y6 + 9 y |
i n  in d e p e n d e n t  p a r a m e t e r s ;  t h e  hope i s  t h a t  one c o u ld  o b t a i n  
one p a r a m e t r i c  s o l u t i o n  o f
( 4 . 3 . 2 )  - x |  + 1 7 x4  = 2y® + 2y 5y 6  + 9y |
i n  p a r a m e t e r s  sq , s-^, s^* s^* and th e n  a d j u s t  t h e  s^ t o  
m a tch  t h e  e x p r e s s i o n s  f o r  x^ and x^ in  t h e  s o l u t i o n s
( 2 . 4 . 4 )  o r  ( 2 . 4 . 5 )  o f  17x^ = x ^  + Xg + X y  T h i s  would y i e l d  
t h e  d e s i r e d  p a r a m e t r i c  r e p r e s e n t a t i o n s  o f  a com ple te
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s o l u t i o n  t o  ( 4 .3 * 1 )*  "by v i r t u e  o f  t h e  p r e v i o u s  c o m p le t e n e s s  
a rg u m e n ts  ( s e e  p r o o f  o f  Theorem 1 .7  o r  o f  Theorem 2 . 4 ) .  So 
f a r  t h i s  m ethod  h a s  n o t  y i e l d e d  t h e  d e s i r e d  r e s u l t s .
An a l t e r n a t e  a p p ro a c h  i s  t o  a d j u s t  t h e  p a r a m e t e r s
uo , u l , u 2 , u 3 exP r e s s i ° n s  f ° r  x i  and x 2 a
p a r t i c u l a r  s o l u t i o n  ( 4 . 2 . 4 )  o f  e q u a t i o n  ( 4 . 2 . 1 )  i n  t h e  hope
o f  m a t c h i n g  t h e  e x p r e s s i o n s  f o r  and x 2 in  e i t h e r
( 2 . 4 . 4 )  o r  ( 2 . 4 . 5 ) ,  t h e r e b y  o b t a i n i n g  a co m p le te  p a r a m e t r i c  
s o l u t i o n  o f  ( 4 . 3 * 1 ) .  In  f a c t ,  f o r  t h e  c h o i c e  a = 1, b = 3 ,  
c = 0 i n  ( 4 . 2 . 4 ) ,  a t r a n s f o r m a t i o n  h a s  been  found  which 
c a r r i e s  t h e  e x p r e s s i o n  f o r  x-  ^ i n  ( 4 . 2 . 4 )  i n t o  t h e  e x p r e s s i o n  
f o r  x-  ^ i n  ( 2 . 4 . 4 ) .  However, t h e  e x p r e s s i o n s  f o r  x 2 
a r e  n o t  m a tch e d  b y  t h e  g iv e n  t r a n s f o r m a t i o n ; t h i s  a p p ro a c h  
may y e t  y i e l d  t h e  d e s i r e d  r e s u l t s .
A t h i r d  a p p r o a c h  i s  t o  examine t h e  e x p r e s s i o n s  i n
( 4 . 2 . 4 ) ,  and  t o  p r o v e  d i r e c t l y  t h a t  a l l  s o l u t i o n s  o f  ( 4 . 2 . 1 )  
a r e  o b t a i n e d  by  u s i n g  o n l y  f i n i t e l y  many c h o i c e s  o f
t = a i ^  + b i 2 + c i ^ . One p o s s i b l e  way o f  d o in g  t h i s  m ig h t  
be t o  p r o v e  t h a t  a l l  s o l u t i o n s  o f
( 4 . 3 . 2 )  - 1 7  = a 2 -  2b2 -  2 c2
f a l l  i n t o  f i n i t e l y  many d i s t i n c t  s e t s  o f  s o l u t i o n s .  T h i s  
would i n v o l v e  c o n s i d e r i n g  t h e  au tom orphs  o f  t h e  t e r n a r y
p o p
fo rm  x -  2y -  2z . So f a r ,  t h i s  m ethod h as  n o t  p ro v e d  
f r u i t f u l .  I t  i s  t h e  c o n v i c t i o n  o f  t h e  a u t h o r  t h a t  Theorem
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4 . 2  i s  t r u e  (by  c o n s i d e r i n g  a g r e a t  many e x a m p le s ) ;  as has 
been  s a i d  many t i m e s  b e f o r e ,  "A l l  I  n e e d  i s  a l i t t l e  p roof* ."
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